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1. Introduction

The failure of the expectations hypothesis of the term structure of interest

rates, ¯rst documented in Fama and Bliss (1987) and Cambpell and Shiller

(1991), has received unprecedented attention in both empirical and theoretical

academic literature over the past 20 years. In this paper, we ¯rst document the

large and signi¯cant predictive power of the variance risk premium, de¯ned as

the di®erence between the risk-neutral and statistical expectations of realized

variance, for bond risk premia at very short horizons. This short-run fore-

castability is orthogonal to the well-documented long horizon predictability

from forward rates (Cochrane and Piazzesi, 2005), macro variables (Ludvigson

and Ng, 2009), and jump risk (Wright and Zhou, 2009).1 We then posit an

economy with time-varying uncertainty risk about real and nominal quantities

coupled with agents' preferences for an early resolution of uncertainty, and

show that these ingredients are enough to quantitatively explain the violation

of the expectation hypothesis while matching the moments of the variance risk

premium, equity premium, and risk-free rate.

To capture this short-run uncertainty component of bond risk premia, we

rely on the market variance risk premium ��� or the di®erence between risk-

neutral and objective expectations of the return variation. Following the path

of previous work, we proxy the risk-neutral expected variance by the popular

VIX2 index, which is termed as the \market gauge of fear" (Whaley, 2000).

With high-frequency intraday data of futures on the S&P 500, we use het-

erogeneous autoregressive models of realized variance (HAR-RV model, see

Corsi, 2009) augmented by lags of implied variances (Drechsler and Yaron,

2011) for estimating the objective expectation of variance risk. Our average

variance risk premium is 21.57 (percentage squared monthly basis) and it

falls within the typical range of recent empirical estimates. More importantly,

our time-series of variance risk premium always remains positive, which

makes it a natural candidate for measuring economic uncertainty or even

stochastic risk aversion.

We document the predictive power of the bond variance risk premium for

short-run bond risk premia using various data. We show that the variance

1Cieslak and Povala (2010) decompose long-term yields into a persistent component and
cycles and ¯nd that the cyclical component is a strong predictor encompassing several other
ones. Du®ee (2011) estimates a ¯ve factor Gaussian model using Treasury yields and extracts a
latent factor, that is \hidden" from ��� or weakly spanned by ��� the cross-section of yields but
has bearing on excess bond returns. Huang and Shi (2010) construct a single macro factor
using a group lasso method and show that this factor almost doubles the R2 compared to
Ludvigson and Ng (2009).
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risk premium is a signi¯cant predictor for one-month excess returns on bond

portfolios, with underlying maturities ranging between zero and 10 years,

obtained from CRSP. The same results hold when calculating one-month

excess returns on bonds with maturities ranging from two months to 10 years,

calculated using the Gürkaynak et al. (2007) dataset. The same results hold

when using the variance risk premium to forecast one-month Treasury bill

excess returns. However, the variance risk premium only has negligible

forecasting power for longer horizon excess returns and in particular, it has

zero predictive power for one-year excess returns on two to ¯ve year Treasury

bonds, which are in general used to run bond predictability regressions. We

show that the short-run forecasting power is robust to the inclusion of other

well-established bond risk premium predictors, such as forward rates, macro

variables, and jump risk. While these variables have previously been shown to

predict bond risk premia for longer maturities, they do not subsume the

signi¯cance of the variance risk premium at shorter horizons and in some

cases even have zero predictive power.

The intuition for our empirical result becomes more evident when we look

at the time series of short-term bond risk premia. Bond risk premia at short

horizons exhibit pronounced spikes around major economic and ¯nancial

crises. This pattern is distinctly di®erent from the cyclical swings with a

length of up to several years, typically observed in long-term bond risk premia

(see Fama and Bliss, 1987; Cochrane and Piazzesi, 2005). Interestingly, the

variance risk premium exhibits a similar time-series behavior as the short-

term bonds: It rises sharply before economic or ¯nancial crises and then drops

again. On the other hand, standard predictors like the CP factor display a

strong cyclical behavior (see Koijen et al., 2010). The upshot is that short-

term variation in bond risk premia is related to economic uncertainty, which

is short-lived (see Bloom, 2009), as opposed to a business cycle component,

which is more apparent in bond risk premia of longer maturities.

We propose a potential explanation for this short-run predictability in an

economy with time-varying economic uncertainty about real and nominal

quantities, extending the real uncertainty model of Bollerslev et al. (2009).2

In an economy with stochastic in°ation volatility but with only exogenous

shocks, money neutrality holds and there is no in°ation risk premium except

for the standard Jensen's inequality term (see Zhou, 2010). In this model with

2Wu (2008), Hasseltoft (2010), and Doh (2010) study the long-run risk models for term
structure with both real and nominal uncertainty. However, they also rely on the
small persistent growth component and they do not examine the predictability of the variance
risk premium.

Short-Run Bond Risk Premia
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endogenous in°ation shocks, we derive a genuine in°ation risk premium

through two channels. First, we introduce an endogenous stochastic volatility

process through the consumption growth channel. Second, we let the sto-

chastic volatility process be correlated with the consumption uncertainty

channel. While the equilibrium model developed in this paper is related to the

long-run risk model of Bansal and Shaliastovich (2010), we explicitly abstain

from modeling the small persistent component in consumption growth and

in°ation as done in their setup. In our model, we allow the volatility of both

in°ation and consumption ��� or the economic uncertainty about these

quantities ��� to speak for themselves on how far the model can go to ac-

commodate the observed level and predictability in bond risk premia.

The key to matching the bond risk premium dynamics is through the

calibrating the in°ation process, while leaving the choices of preference

parameters and real economy dynamics similar to existing studies (see, e.g.,

Bansal and Yaron, 2004, Bollerslev et al., 2009). Our calibration exercise

shows that an autonomous in°ation process (with or without stochastic

volatility) is not able to replicate the size of the bond risk premium. Com-

bining both a consumption growth channel and an uncertainty channel of

non-neutral in°ation dynamics, leads to reasonable and rich bond risk pre-

mia. Indeed, our calibrated numbers are only several basis points away from

their empirical counterparts. We also show that the model produces a rea-

sonable equity premium and a risk-free rate but overshoots the risk-free rate

volatility. While the higher order moments (kurtosis and skewness) of the

variance risk premium are ¯tted quite well, the average variance risk premium

produced by our model is slightly smaller than its empirical estimate. Finally,

the predictive power of the equity variance risk premium for bond risk premia is

¯tted remarkably well by our preferred in°ation uncertainty model.

Previous work has attempted to explain the failure of the expectations

hypothesis through the growth channel of consumption, e.g., Wachter (2006)

(external habit), Bansal and Shaliastovich (2010) (long-run risk), Gabaix

(2009) (rare disasters), Xiong and Yan (2010) (heterogeneous expectations),

and Vayanos and Vila (2009) (preferred habitat). We argue that adding the

in°ation uncertainty component can go a long way in ¯tting the salient

features of asset prices and bond risk premia in particular.3 We also

3Papers that study the impact of frictions in bond markets on bond returns include
Greenwood and Vayanos (2010) (bond supply) and Fontaine and Garcia (2010) (liquidity
premium). Buraschi and Whelan (2010) study the impact of dispersion in forecasts on
economic quantities on bond returns and estimate highly signi¯cant coe±cients.
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contribute to the growing macroeconomic literature that emphasizes the

quantitative importance of time-varying volatility in real and nominal vari-

ables to understand the source of aggregate °uctuations, the evolution of the

economy, and policy analysis (see, e.g., Fern�andez-Villaverde and Rubio-

Ramírez, 2010). Similarly, Bloom (2009) and Bloom et al. (2010) show that

higher economic uncertainty, proxied by the VIX, decreases employment and

output in near terms. Our empirical ¯nding and modeling approach are

broadly consistent with the macroeconomic uncertainty framework driven by

real and nominal volatility dynamics.

The rest of the paper is organized as follows. Section 2 describes our data

set and the methods used to estimate the variance risk premium and provides

empirical ¯nding for the bond return predictability of the variance risk pre-

mium. Section 3 presents a structural model of in°ation uncertainty with

calibration evidence for risk premium dynamics. Section 4 concludes.

2. Empirical Analysis

In this section, we ¯rst discuss the data we use in our empirical analysis ���
excess returns on Treasury bond portfolios, T-bills and Treasury notes,

macroeconomic and ¯nancial variables, daily VIX levels, and high-frequency

S&P 500 index returns. We measure the equity market variance risk premium

as the di®erence between the squared VIX values and a forecast of realized

variance, using a heterogeneous autoregressive forecasting equation aug-

mented by multiple lags of implied variances.4 We then present evidence for

the predictive power of the variance risk premium for bond risk premia at

short horizons. We ¯rst run a set of univariate regressions using the variance

risk premium as the sole predictor variable and then control for other well-

established predictors. We ¯nd that the equity variance risk premium is a

robust predictor for bond risk premia at short horizons but has very limited

predictive power for longer horizon regressions.

2.1. Data description and variance risk premium

Our main data are from January 1990 to December 2010. We use a monthly

frequency throughout this paper and thus have 252 observations available.

2.1.1. Treasury data

To consistently calculate short horizon excess returns on Treasuries, we use

the Fama bond portfolios available from CRSP. The portfolios contain bonds

4Additional information on data construction is deferred to a separate appendix.

Short-Run Bond Risk Premia
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for issues maturing in a range around the quote dates. The portfolio returns

are calculated as the equal-weighted average of the unadjusted holding period

return for each bond in the portfolio. We calculate excess returns on a total of

six portfolios with underlying maturities ranging from zero to 10 years.

Alternatively, we use the Fama T-bill structures from CRSP to compute

short horizon excess returns on T-bills ranging between two and six months.

To calculate one-year excess bond returns on longer maturity bonds we use

the Fama and Bliss discount bond database from CRSP. We compute yields,

returns, and forward rates for two to ¯ve year bonds. To have a consistent

source of yields for calculating monthly and yearly excess returns, we also use

the Gürkaynak et al. (2007, GSW dataset) dataset, which allows constructing

one-month excess returns for longer maturity bonds.

Yields and returns are computed in logs. Yield spreads and excess returns

are constructed relative to the one-period bond (one month for the portfolio

and T-bill excess returns, one-year for Treasury bonds). We denote by

r
ð�Þ
tþ1 ¼ p

ð��1Þ
tþ1 � p

ð�Þ
t , the return on a � year bond with log price p

ð�Þ
t . The

excess bond return is de¯ned as

rx
ð�Þ
tþ1 � r

ð�Þ
tþ1 � y

ð1Þ
t ;

where y
ð1Þ
t is the one-period yield.

From the Fama and Bliss discount bond data, we also construct a tent-

shaped factor from forward rates and the Cochrane and Piazzesi (2005)

factor, CP. In order to construct the CP factor until December 2010 we need

Fama Bliss Treasury bond data until December 2011. Overall, this restricts

our sample to end in December 2010.

Wright and Zhou (2009) document the strong predictive power of the

mean jump size for bond risk premia, and accordingly, we measure the 24-

month rolling realized jumpmean, ~J , using ¯ve-minute frequency data on the 30-

year Treasury bond futures, under the assumption that jumps are rare and large.

2.1.2. Implied variance data

As has become standard practice, we use the squared VIX to proxy for the

risk-neutral expectation of equity return variance for the next 30 days. The

squared VIX is the model-free implied variance of the S&P 500 index cal-

culated using S&P 500 index options.5 We use end-of-month data from the

Chicago Board of Options Exchange (CBOE).

5See also Demeter¯ et al. (1999); Britten-Jones and Neuberger (2000). The VIX White Paper
(CBOE, 2003) outlines the calculation procedure.
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2.1.3. Stock index data

To calculate the objective expectation we use intra-day data for the S&P 500

index sampled at the ¯ve-minute interval as in Bollerslev et al. (2009). The

intra-day data are obtained from Tickdata.

2.1.4. Macroeconomic data

We compute the eight static macroeconomic factors bFj ; j ¼ 1; . . . ; 8, follow-

ing Ludvigson and Ng (2009, 2010). We update the time series and exclude

the stock market and interest rate time series in order to have pure macro

factors.6 The macroeconomic data are mainly from Global Insight.7

Summary statistics for the bond and bond portfolio returns are in Table 1,

Panels A and B. Summary statistics for the macro control variables are

collected in Panel C. The mean portfolio and bond returns are increasing with

maturity and the numbers are in line with previous studies. While long-term

bond excess returns ��� two- to ¯ve-year bonds for a one-year holding peri-

od ��� are highly persistent, possibly due to the overlapping return horizon of

11 months, the autocorrelation coe±cients for the one-month holding period

returns of the bond portfolios and the excess returns on Treasury bills are

much lower with values of ¯rst-order autocorrelations, ranging from 0.11 to

0.75 for the bond portfolios and from 0.26 to 0.56 for T-bill excess returns.

6The original data set was previously used in Stock and Watson (2002). The stock market and
interest rate time series we exclude are the Ludvigson and Ng (2009) series 82 through 102. In
addition, we have to exclude seven variables that are no longer available after 2007. Conse-
quently, we use 104 instead of 132 macroeconomic time series. For a shorter sample period
ending in 2007 we use the original factors from Ludvigson and Ng (2010) as a robustness check.
Our main results remain unchanged. We defer a more detailed description of the data to a
separate appendix.
7In addition, three series are from the BEA and one is from the University of Michigan.

Table 1. Summary statistics.

Panel A: Monthly Bond Portfolio Returns

<1y 1y–2y 2y–3y 3y–4y 4y–5y 5y–10y

Mean 0.35 0.42 0.48 0.52 0.55 0.57
Max 0.89 1.66 2.44 3.10 4.30 6.45
Min �0.06 �0.72 �1.64 �2.47 �3.23 �3.58
StDev 0.21 0.42 0.70 0.96 1.21 1.47
Skewness 0.07 0.11 �0.11 �0.19 �0.18 �0.04
Kurtosis 2.40 3.15 3.19 3.14 3.31 3.80
AC(1) 0.75 0.34 0.24 0.18 0.16 0.11
AC(2) 0.74 0.25 0.10 0.03 �0.02 �0.09

Short-Run Bond Risk Premia
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Table 1. (Continued)

Panel B: T-Bill (1 month) and Treasury Bond (1 year) Excess Returns

2m 3m 4m 5m 6m 2y 3y 4y 5y

Mean 0.30 0.42 0.41 0.63 0.71 0.95 1.80 2.54 2.96
Max 2.50 3.31 4.54 5.81 7.65 3.64 7.31 10.30 12.54
Min �0.57 �0.87 �1.19 �1.43 �6.07 �2.37 �5.24 �6.88 �8.37
StDev 0.42 0.52 0.71 0.89 1.19 1.36 2.58 3.60 4.43
Skewness 1.83 1.66 1.83 1.78 0.87 �0.12 �0.27 �0.34 �0.42
Kurtosis 8.00 7.52 9.23 8.34 11.68 2.17 2.43 2.52 2.66
AC(1) 0.56 0.34 0.24 0.30 0.27 0.95 0.94 0.93 0.92
AC(2) 0.41 0.28 0.22 0.22 0.22 0.88 0.86 0.84 0.82

Panel C: Macro Variables

CP ~J bF1
bF2

bF3
bF4

bF5
bF6

bF7
bF8

Mean 1.02 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Max 5.49 0.13 22.54 14.71 9.17 10.18 9.14 5.54 5.70 6.43
Min �4.27 �0.14 �7.94 �12.19 �6.21 �9.67 �14.36 �5.24 �5.09 �4.45
StDev 1.54 0.05 4.70 3.19 2.89 2.19 1.95 1.86 1.77 1.65
Skewness 0.34 �0.68 1.71 0.70 0.95 0.13 �0.73 0.19 �0.13 0.02
Kurtosis 3.33 3.31 7.42 6.93 4.26 5.94 17.43 3.36 3.41 3.46
AC(1) 0.92 0.92 0.85 �0.13 0.66 0.38 �0.28 0.45 0.15 �0.23
AC(2) 0.85 0.82 0.84 �0.28 0.72 0.46 �0.08 0.40 0.24 0.12

Panel D: Variance Risk Premia

VIX RV Proj VRP(RV) VRP(Proj)

Mean 20.41 14.21 14.10 17.15 21.57
Max 59.89 73.11 35.36 116.85 194.72
Min 10.42 4.43 9.22 �298.37 0.18
StDev 7.88 8.31 4.54 18.31 28.64
Skewness 1.57 2.68 2.16 �5.36 3.27
Kurtosis 6.91 14.96 8.66 62.00 19.22
AC(1) 0.86 0.80 0.82 0.33 0.76
AC(2) 0.72 0.62 0.68 �0.05 0.56

Notes: This table presents summary statistics for all monthly data from January 1990 to
December 2010. In Panels A and B, we report the one-month holding period returns on
bond portfolios, one-month excess returns on Treasury bills, and one-year excess returns on
Treasury Bonds. Panel C reports summary statistics for the CP factor, CP, the mean jump
size, ~J , and the eight Ludvigson and Ng macro factors, bFj . Panel D reports the summary
statistics for the VIX, the expected realized volatility and the actual realized volatility. Values
are expressed in percentages and annualized. The variance risk premia are calculated as the
di®erence between the square of the monthly implied and realized volatilities expressed in
percent.
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The CP factor and the mean jump size are highly persistent with ¯rst-order

autocorrelation coe±cients of 0.92. The macro factors, bFj display much

lower autocorrelations on average and some factors even display a negative

autocorrelation.

Table 2 reports the unconditional correlation among all the predictor

variables, including the variance risk premium. The macro factors are cal-

culated speci¯cally for the 1990 to 2010 period and hence, they all have zero

cross-correlations. The variance risk premium is not very highly correlated

with the other factors except for the CP factor (�0:22), and the ¯rst macro

component, bF1 (0.47), which Ludvigson and Ng (2009) label as the `real

factor' due to its high correlation with measures of real output and em-

ployment. This echoes the ¯nding in Bollerslev and Zhou (2007) that the

variance risk premium may be intimately related to economic fundamentals

in terms of the uncertainty shocks.

2.1.5. Forecasting realized variance and the variance risk premium

To estimate realized variance, we use high frequency data for the S&P 500

index as the VIX ��� our measure of implied volatility ��� is calculated using

options on the S&P 500 index. Let RVt;� be the realized variance from day

t � � to day t, with � being typically a month or the equivalent of 21 trading

days. To estimate the objective expectation of return variation of the next

Table 2. Cross-correlations of predictor variables.

VRP CP ~J

VRP 1
CP �0.225 1
~J �0.061 �0.235 1bF1

0.470 �0.031 �0.283bF2
0.161 �0.010 �0.085bF3
0.045 0.140 �0.140bF4
0.154 0.230 0.008bF5
0.038 0.088 �0.038bF6

�0.097 0.082 �0.039bF7
�0.001 0.259 0.047bF8
0.090 �0.167 0.063

Notes: This table presents the cross-correlation for the
CP factor, CP, the mean jump size, ~J , the eight
Ludvigson and Ng macro factors, bFj , and the variance
risk premium, VRP. We use monthly data from January
1990 to December 2012.
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period, EP

t ðRVtþ�;�Þ, we ¯rst consider the realized variance RVt at day t,

which is de¯ned as

RVt ¼
XM
i¼1

r 2
t;i; ð1Þ

where rt;i ¼ logPðt � 1þ i
M Þ � logPðt � 1þ i�1

M Þ is the intra-daily log return

in the ith sub-interval of day t and Pðt � 1þ i=MÞ is the asset price at time

t � 1þ i=M : For each day, we take rt;i between 9:00 and 15:00 at every ¯ve-

minute interval to calculate RVt. In addition, we also include the overnight

return in the calculation of the realized variance. The normalized monthly

realized variation, RVt;mon, is de¯ned by the average of the 21 daily mea-

surements RVt;mon ¼ 1
21

P20
j¼0RVt�j . The normalized weekly realized varia-

tion RVt;week is correspondingly de¯ned by the average of the ¯ve daily

measurements RVt;week ¼ 1
5

P4
j¼0 RVt�j .

To better capture the long memory behavior of volatility, we use the daily,

weekly and monthly realized variance estimates to estimate the heteroge-

neous autoregressive model of realized volatility (HAR-RV) proposed by

Corsi (2009). HAR-RV estimators have become increasingly popular in ¯-

nancial econometrics literature in the past years (see Corsi et al. (2010),

Bollerslev and Todorov (2011) and Patton and Sheppard (2011)). HAR-RV

is a parsimonious version of high-order auto-regressions. We augment the

HAR monthly forecasting model with additional lags of implied variance

RVtþ21;mon ¼�þ �DRVt þ �WRVt;week þ �MRVt;mon þ
Xk
i¼1

�V ;iVIX
2
t�i

þ �tþ21;mon;

ð2Þ

where VIX2
t is the square of the daily VIX index divided by 12� 104 � 30 to

be comparable to RVt;mon. Equation (2) is motivated by the large literature in

derivatives pricing, showing that implied variance is a more e±cient forecast

for future realized variance than its own lag (Jiang and Tian, 2005) and

extends the forecasting model of Drechsler and Yaron (2011) that uses one

lag realized variance and one lag implied variance.

In our implementation of the HAR-RV model we are careful to ensure

that the forecast of monthly realized variance, denoted RVHAR
t , can be

obtained in real time and does not su®er from any look ahead bias. Thus, we

implement the regression 2 using an expanding sample of data to obtain a

true out-of-sample forecast of the future month's realized variance. This

requires a burn-in period to ¯rst run the regression. In order to limit the loss
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of available data and because VIX is only available starting in January

1990, we use the squared VXO as our implied variance proxy on the RHS of

the regression. Unlike the VIX, the VXO is not calculated using a model-

free approach but is simply the Black–Scholes implied volatility of at-the-

money S&P 100 options. However, the correlation between VIX and VXO is

almost perfect and, in sample regressions for the common sample period

between 1990 and 2010, lead to essentially the same results whether we use

the VIX or the VXO.8

The variance risk premium is formally de¯ned as the di®erence between

the expected future variation under the risk-neutral and actual probability

measures between day t and T

VRPt;� � E
Q
t ðRVtþ�;�Þ � E

P

t ðRVtþ�;�Þ; ð3Þ
where � ¼ T � t denotes the time horizon which typically is a month or 21

trading days.9

As discussed above, we use the expanding projection to proxy for

the expected realized variance. Hence, E
P

t ðRVtþ�;�Þ ¼ RVHAR
t . To proxy

for the risk-neutral variance, we take the VIX squared of the S&P 500 index

with a one-month horizon, using a model-free approach. With some regu-

larity assumptions and even if the underlying asset follows a general jump

di®usion (see Jiang and Tian, 2005; Carr and Wu, 2009), this risk-neutral

expected variance can be computed as a portfolio of European calls on the

underlying.

We plot the VIX, the expected realized volatility (the square root of

RVHAR
t ), together with the variance risk premium in Fig. 1. Summary sta-

tistics are reported in Table 1, Panel D. The VIX and the expected realized

volatility are expressed in percent and annualized. In addition, we also report

the summary statistics for the actual realized volatility, also expressed in

percent and annualized. The variance risk premium is obtained by taking the

di®erences of the squared monthly implied and realized variances expressed in

percent.10 We report summary statistics for the ex ante variance risk pre-

mium calculated using our projection and the ex post realized variance risk

8Adding the implied variance data to the forecasting regression leads to marginally better
forecasts. However, an implementation, using only the standard HAR-RV model, leads to a
very similar time series of expected realized variances.
9For notational simplicity, we subsequently drop the subscript � as we always consider the
one-month horizon variance risk premium VRPt .
10Or equivalently, it is the monthly variance risk premia expressed in decimals and then
multiplied by 104.
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premium calculated using the future month realized variance instead of the

forecast.

The ¯gure reveals that most of the peaks in the variance risk premium

occur during periods of ¯nancial crises such as the LTCM default in August

1998, the burst of the dot com bubble in 2000, and the most recent ¯nancial

crisis in late 2008.

Looking at the summary statistics in Table 1, Panel D, there are several

interesting points to highlight. First, the average realized variance risk pre-

mium (last column, VRPHAR) is around 22% which is comparable to the

numbers found previously in the literature (see, e.g., Drechsler and Yaron,

2011; Bekaert and Engstrom, 2009; Bekaert et al., 2010). The realized vari-

ance risk premium VRP5min is slightly lower at about 17%. Second, contrary

to the previous literature, our measure never turns negative, which is partly

driven by our HAR-RV forecasting model, which is augmented by 4 lags of

implied variance. This is important not only from an empirical point of view

but also given the theoretical underpinnings ��� the variance risk premium is

1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012

20

40

60

VIX and Predicted Volatility

VIX
Predicted Volatility

1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012

50

100

150

200

Variance Risk Premium

Fig. 1. Market variance risk premium.

Notes: The upper panel plots the VIX together with the forecasted realized volatility (i.e., the square root
of the expected realized variance) which we calculate from a projection for the realized variance:

RVtþ21;mon ¼ �þ �DRVt þ �WRVt;week þ �MRVt;mon þ
Xk
i¼1

�V ;iVIX2
t�i þ �tþ21;mon;

where RVt;week ¼ 1=5
P4

j¼0 RVt�j ;RVt;mon ¼ 1=21
P2

j¼0 0RVt�j and VIX2
t is the square of the daily VIX

index divided by 12� 104 to convert numbers into a monthly quantity that is comparable to RVt;mon. RVt

represents the daily realized variance calculated using 5-min squared returns on the S&P 500 index.
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usually interpreted as an insurance premium for investors who pay for an asset

whose payo® is high when return variation is large. Not surprisingly, the re-

alized variance risk premium occasionally turns very negative. It also exhibits

very negative skewness and extremely high kurtosis. Third, the ¯rst and sec-

ond-order autocorrelation coe±cients of our variance risk premium are 0.76

and 0.56, which alleviates econometric concerns of regressing on highly per-

sistent variables. The realized variance risk premium is even less persistent

with autocorrelation coe±cients of only 0.33 and �0:05, respectively.

2.2. Short and long horizon bond return predictability

Next, we document the predictive power of the equity variance risk premium

for bond excess returns. First, we show the predictability for short horizon

bond excess returns regardless of the underlying maturity of the bonds. Then,

we show that while the variance risk premium may be able to predict short-

run returns it largely fails to predict longer horizon bond returns.

We start by running the following regressions for Treasury bond portfolios

rx
ð�Þ
tþh ¼ �

ð�Þ
0 ðhÞ þ �

ð�Þ
1 ðhÞVRPt þ �

ð�Þ
tþh; ð4Þ

where rx ð�Þ is the one month excess return (h ¼ 1) on one of the six bond

portfolios with underlying maturities � ¼< 1y; 1y � 2y; 2y � 3y; 3y � 4y; 4y

�5y; 5y � 10y and VRPt is the equity variance risk premium. The estimated

slope coe±cients from the regression are summarized in the upper left panel of

Fig. 2. We plot standardized coe±cients, meaning that all variables have zero

mean and a standard deviation of one to make coe±cients comparable in

terms of the economic signi¯cance as well as the statistical signi¯cance,

summarized by the 95% con¯dence band. The standardized coe±cients range

between 0.15 and 0.25 and all are highly signi¯cant. We repeat the same

regressions using one-month excess returns on � ¼ 2m; 3m; 6m; 1y; 2y; 3y; 4y;

5y; 10y bonds calculated using the Gürkaynak et al. (2007) dataset (GSW

dataset henceforth). The estimated standardized coe±cients are again highly

signi¯cant and range between 0.13 and 0.18. The results are plotted in the

upper right panel of Fig. 2.

We repeat the regressions using a longer holding period of one year for

the same underlying assets, i.e., we ¯rst regress one-year excess returns on

the bond portfolios on the variance risk premium and then we repeat the

regressions for one-year bond excess returns calculated using the GSW

dataset. The results are plotted in the lower left and right panels of Fig. 2.

Unlike for short horizon regressions, the variance risk premium is not a good
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predictor of longer horizon excess returns. The standardized coe±cients for

the GSW bond excess returns are very small and not signi¯cant. For the bond

portfolios, the variance risk premium has marginal predictive power for

portfolios with short underlying maturities, while no predictability exists for

longer maturity portfolios.

In essence, we ¯nd that the variance risk premium predicts bond risk

premia at short horizons well, but has little predictive power at longer hor-

izons. The R2 for the univariate regressions for short horizons range between

2% and 6% for the bond portfolios and between 2% and 3% for the GSW

excess returns. The predictability seems independent of the underlying ma-

turity of the bonds and is only a function of the horizon.

To further test this preliminary empirical regularity, we turn to two sets of

Treasury data that have been extensively studied in the literature, Treasury
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Fig. 2. Estimated slope coe±cients from univariate regressions.

Notes: The upper left panel plots the estimated slope coe±cient from regressing monthly excess returns of

bond portfolios on the variance risk premium. The upper right panel plots the estimated slope coe±cient
from the same regression for one-year bond portfolio excess returns. The lower two panels plot the coef-

¯cients for the same univariate regressions using one-month and one-year excess returns for Treasury

bonds calculated using the Gürkaynak et al. (2007) dataset. The coe±cient estimates are from stan-

dardized regressions (all variables have zero mean and a standard deviation of one) to visualize the
economic signi¯cance. The shaded areas represent the 95% con¯dence bounds. Coe±cients are estimated

using monthly data from January 1990 to December 2010.
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bills and bonds. We repeat regression 4 for the Treasury bill excess returns for

maturities � ¼ 2; 3; 4; 5 and 6 months. We mainly focus on the one-month

horizon regressions but we also consider the additional horizons h ¼ 2; 3; 4

and 5 months. Furthermore, we run regressions for one-year excess returns

(h ¼ 12) on Fama Bliss discount bonds with maturities � ¼ 2; 3; 4 and

5 years.

Given the data available from CRSP, it is not possible to construct one-

month excess returns on the Fama Bliss bonds. Thus, it is not possible to test

whether the variance risk premium predicts short horizon excess returns on

Fama Bliss Treasury bonds. Similarly, there are some shortcomings to using

Treasury bills as well. Du®ee (1996) documents a dramatic weakening of the

links between Treasury bill yields and yields on other Treasury securities.

There is signi¯cant idiosyncratic behavior in the shortest maturity yields,

which may be partly due to increased market segmentation. Du®ee for ex-

ample argues that term structure models should not be calibrated using one-

month Treasury bill yields. This suggest that the results from the Treasury

bill regression may have to be treated with some caution.

When running the Treasury bill regression for the full sample period of

1990 to 2010, we indeed found that the variance risk premium is not a sig-

ni¯cant predictor for the shortest maturity bills and the variance risk pre-

mium is only signi¯cant for four-month maturity Treasury bills and beyond.

The breakdown of the predictive relationship between the variance risk

premium and Treasury bill excess returns can be attributed to the crisis and

is possibly a result of the signi¯cant activism of the Fed after the Lehman

bankruptcy in September 2008 and its e®ect on short-term yields.

In Table 3, Panel A we thus present regression results for the Treasury bill

regressions, for a sample period that ends with the Lehman bankruptcy in

September 2008. The coe±cients in the table are not standardized but they

are obtained from regressing excess returns on the variance risk premium and

a constant. However, we only present the coe±cient estimates and the ad-

justed R2 in the table. The coe±cient estimates are all signi¯cant for one-

month excess returns while the variance risk premium looses its predictive

power when moving to horizons of two months and above. In terms of eco-

nomic signi¯cance, the standardized coe±cients for the one-month excess

return regressions decrease with maturity of the underlying Treasury bills

and range between 0.17 and 0.31.

Panel A also contains the coe±cient estimates for the one-year excess

return regressions using Fama Bliss discount bonds. Here, the estimates do

not depend on the sample period and we present the full sample regressions
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Table 3. T-bill and bond regressions.

Panel A: Univariate Regressions

h T-Bills 2m 3m 4m 5m 6m

1m VRP 0.078 0.065 0.070 0.093 0.125
(2.51) (2.30) (2.05) (2.20) (2.18)

Adj. R2 0.09 0.05 0.03 0.03 0.03

2m VRP 0.040 0.046 0.056 0.106
(1.43) (1.38) (1.01) (1.26)

Adj. R2 0.05 0.01 0.01 0.01

3m VRP 0.031 0.042 0.084
(0.93) (0.73) (0.90)

Adj. R2 0.01 0.00 0.01

4m VRP 0.034 0.073
(0.69) (0.86)

Adj. R2 0.00 0.01

5m VRP 0.054
(0.92)

Adj. R2 0.02

Treasury bonds 2y 3y 4y 5y
1y VRP 0.033 0.072 0.040 0.052

(0.44) (0.51) (0.20) (0.21)

Adj. R2 �0.00 0.00 �0.00 �0.00

Panel B: Multivariate Regressions

T-Bills 2m 3m 4m 5m 6m

1m VRP 0.079 0.058 0.058 0.080 0.105
(3.87) (3.15) (2.12) (2.65) (2.87)

Adj. R2 0.32 0.23 0.23 0.25 0.26

Treasury bonds 2y 3y 4y 5y
1y VRP �0.015 0.016 0.029 0.081

(�0.25) (0.13) (0.17) (0.36)

Adj. R2 0.42 0.42 0.43 0.42

Notes: For Panel A, we run the following regression: rx
ð�Þ
tþh ¼ �

ð�Þ
0 ðhÞ þ

�
ð�Þ
1 ðhÞVRPt þ �

ð�Þ
tþh; where rx

ð�ÞðhÞ are either the excess returns on Treasury
bills, h ¼ 1; 2; 3; 4; 5 and � ¼ 2; 3; 4; 5; 6 months, or the excess returns on
Treasury bonds, h ¼ 12 and � ¼ 24; 36; 48; 60 months. VRPt is the market
variance risk premium. For Panel B, the regression is augmented with the
CP factor, the jump factor and the eight Ludvigson and Ng macro factors.
The table only reports the coe±cient estimate for the variance risk
premium and the overall adjusted R2. Coe±cients are estimated with
ordinary-least squares. Standard errors are in parentheses and are calcu-
lated using Newey and West (1987) standard errors. The sample spans the
period from January 1990 to December 2010.
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until December 2010. The results mirror those obtained with the GSW data:

none of the coe±cients are either economically or statistically signi¯cant and

R2 are essentially zero.

To summarize, the results using Treasury bill and Fama Bliss Treasury

bond data are largely consistent with the overall picture, namely that the

equity variance risk premium predicts short-run bond excess returns. In

contrast, the variance risk premium has little predictive power for longer

horizon excess returns. These ¯ndings seem to be complementary to a large

body of existing literature because the market variance risk premium may

capture a unique component of bond risk premia that is relevant for the short

horizon and is driven by economic uncertainty shocks, but that is at the same

time orthogonal to the long horizon component captured by established

predictors. To further justify our empirical conjecture, we next turn to a host

of robustness checks involving well established bond return predictors.

2.3. Controlling for other bond return predictors

A large literature has been devoted to studying di®erent factors that predict

bond risk premia at long horizons (usually one year) and it is thus, natural to

question whether the predictive power of the variance risk premium is also

subsumed by those predictor variables. Our analysis is focused on three sets

of additional predictor variables: The CP factor from Cochrane and Piazzesi

(2005), the jump factor from Wright and Zhou (2009) and the macro factors

from Ludvigson and Ng (2009). Cochrane and Piazzesi (2005) ¯nd that a

linear combination of forward rates is the most powerful predictor for long-

term bond returns. Wright and Zhou (2009) show that the mean jump size

explains a signi¯cant fraction of the variation in long-term bond excess

returns and doubles the adjusted R2 when combined with the CP factor.

Ludvigson and Ng (2009) include macro factors extracted from a large set of

macro variables, using principal components analysis to explain a highly

signi¯cant fraction of the time variation in bond excess returns. Additionally,

Du®ee (2011) estimates a latent factor from a ¯ve factor Gaussian model

which has predictive power for bond excess returns but is not (or only weakly)

spanned by the cross-section of yields. Cieslak and Povala (2010) ¯nd high

R2s when running predictive regressions from bond excess returns on cycles

which represent deviations from the long-run relationship between yields and

the slow-moving component of in°ation and savings.11 Our extended

11For a shorter sample, we can also include the hidden factor in our analysis. The results
remain unchanged with respect to the variance risk premium.
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regression is of the following form:

rx
ð�Þ
tþh ¼ �

ð�Þ
0 ðhÞ þ �

ð�Þ
1 ðhÞVRPt þ �

ð�Þ
2 ðhÞCPt þ �

ð�Þ
3 ðhÞ ~J t

þ
X8
j¼1

�
ð�Þ
3þjðhÞbFj;t þ �

ð�Þ
tþh;

which is simply the univariate regression 4 augmented by the Cochrane–

Piazzesi factor, CP, the mean jump size, ~J , and the Ludvigson and Ng macro

factors, bFj .

We present the multivariate regression results for bond portfolio excess

returns in Table 4. The main result is that the variance risk premium is

robust to including a host of additional predictors in the multivariate

regressions. Statistical signi¯cance is even slightly higher than for the uni-

variate regressions and the economic signi¯cance remains virtually un-

changed with standardized coe±cients ranging between 0.16 and 0.31. Thus,

for the one-month holding period, adding other predictors does not change

the signi¯cance of the variance risk premium very much. The striking short-

run predictability of the variance risk premium for bond returns is similar to

the one reported by Zhou (2010) and mirrors the ¯ndings for stock returns by

Bollerslev et al. (2009) and Drechsler and Yaron (2011).

As for the other predictors in bond portfolio regressions, the CP also shows

up as a signi¯cant predictor with statistical and economic signi¯cance in

roughly the same order of magnitude as the variance risk premium. In ad-

dition, the jump factor is marginally signi¯cant for excess returns on some

shorter maturity portfolios but loses its signi¯cance for longer maturities.

Both have the same sign as the known regressions for one-year bond excess

returns. In addition, some of the LN factors are occasionally signi¯cant al-

though there does not seem to exist a consistent pattern, except for bF2 which

is signi¯cant throughout. Adding the additional regressors increases adjusted

R2 to between 10% and up to almost 40%.

The same pattern emerges when running multivariate regressions on GSW

short-run bond excess returns.12 The variance risk premia remains highly sig-

ni¯cant for bond excess returns for all underlying maturities. The CP factor

picks up some predictability and the jump factor is signi¯cant for some in-

termediate maturities. R2 are slightly lower and range between 7% and 18%.

Not very surprisingly, the variance risk premium does not regain predic-

tive power for one-year excess returns when adding the additional control

12These results are not reported.
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variables and the results summarized in Fig. 2 remain unchanged. Thus, we

do not report the detailed multivariate regression results for one-year excess

returns here. To summarize, for both the portfolio and the GSW bond excess

returns, adding the CP factor, the jump size, and the macro variables to the

regression raises R2 to between 45% and almost 60%. The CP and the jump

factor become highly signi¯cant for the GSW bond excess returns, while most

of the increase in R2 for bond portfolio excess returns can be attributed to the

inclusion of the macro variables.

We also include the additional predictor variables in the Treasury bill and

Fama Bliss Treasury bond regressions. The relevant results are summarized

in Panel B of Table 3. Again, we focus on the estimated coe±cients for the

variance risk premium only. We omit the results for the Treasury bill

regressions for holding periods of two months and beyond as the variance risk

premium is not signi¯cant in univariate regressions to begin with. However,

the variance risk premium remains highly signi¯cant for Treasury bill

regressions at the one-month horizon. The economic signi¯cance remains

virtually unchanged and standardized coe±cient estimates range between

0.14 and 0.32. Adding all the additional predictor variables signi¯cantly

raises R2 but the CP factor is no longer signi¯cant once the jump factor and

the macro variables are added to the regression. The jump factor is in-

creasingly signi¯cant with increasing maturity of the Treasury bills and

various macro factors are consistently signi¯cant (yet notoriously hard to

interpret).

The results for the Fama Bliss Treasury bond regressions are not very

surprising at this point. The variance risk premium has zero predictive power

while the R2 are increased to more than 40% once the additional predictors

are included in the analysis. The CP factor and the jump mean are both

signi¯cant and capture most of the predictability. Once the jump mean is

included in the regression, adding the macro variables does not add much to

the picture.

Overall, a fairly consistent pattern emerges. The variance risk premium

contains relevant information for short-run bond risk premia for bonds of any

maturity, while it has no predictive power for longer horizon excess returns.

The contrast between short and long-term bond risk premia is best seen in

Fig. 3. It is clear that short-term bond risk premia (top panel) have large

spikes around major ¯nancial crises and economic recessions, but these shocks

are generally short-lived ��� uncertainty comes and goes. On the other hand,

the long-term bond risk premia (bottom panel) seem to have gradual per-

sistent swings at least several years apart and sometimes even as long as the
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business cycle frequency ��� like the 2001–2008 cycle. Put together, we have

a whole picture of bond risk premia responding both slowly to long-term

cyclical risk and quickly to short-term uncertainty shocks.

In summary, we ¯nd that the stock market variance risk premium is a

robust predictor of bond returns at the short end, but the predictive power

becomes weaker at longer horizons, as also previously reported in Baele et al.

(2010). The short-term predictive power of the variance risk premium is also

robust to the inclusion of other standard predictors such as the CP factor, the

jump mean, and macro variables. This is even more notable as the variance

risk premium we calculate can be obtained in real-time and does not contain

forward-looking information, whereas the other factors we use are extracted

using information from the whole sample period.

3. Economic Uncertainty and In°ation Dynamics

To understand why the variance risk premium has signi¯cant predictive

power for short-run bond risk premia, we present a stylized structural model

where the real bond risk premium is present because of agents' preference

for an early resolution of uncertainty. The nominal bond risk premia is non-

1992 1994 1996 1998 2000 2002 2004 2006 2008

0

2

4

Average Short Term Bonds and Fitted Value

data
fitted value

1992 1994 1996 1998 2000 2002 2004 2006 2008

−5

0

5

Average Long Term Bonds and Fitted Value

data
fitted value

Fig. 3. Ex post versus ex ante bond risk premia in short and long horizons.

Notes: The upper panel plots the average one-month bond risk premium for Treasury bills with maturities

of two to six months (dashed line) together with the ¯tted value from a regression (bold line). The lower

panel plots the average one-year bond risk premium for Treasury bonds with maturities of two to ¯ve years
(dashed line) together with the ¯tted value from a regression (bold line).
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redundant because the in°ation process co-varies with both cash °ow and

uncertainty shocks. The nominal bond risk premium in our economy works

only through the conditional volatility channel and does not rely on the

conditional mean channel (as in Pennacchi, 1991; Sun, 1992). As such, our

model may be viewed as an extension of the consumption uncertainty model

by Bollerslev et al. (2009).

Our calibration result suggests that the proposed in°ation uncertainty

model not only has the capability to replicate the predictability pattern of the

variance risk premium for bond risk premia documented in recent research,

but also matches the level of bond risk premia that is typically hard to pin

down in structural economic models. The volatility or uncertainty channel to

resolve the `expectations hypothesis' puzzles is in contrast with those relying on

the consumption growth channel ��� e.g., habit formation (Wachter, 2006),

long-run risk (Bansal and Shaliastovich, 2009), or rare disasters (Gabaix,

2009).

3.1. Economic uncertainty and variance risk premia

The representative agent in the economy has a Epstein–Zin–Weil recursive

preference and has the value function Vt of life-time utility given as

Vt ¼ ½ð1� �ÞC
1��
�

t þ �ðEt½V 1��
tþ1 �Þ

1
� � �

1�� ; ð5Þ
where Ct is consumption at time t, � denotes the subjective discount factor,

� refers to the coe±cient of risk aversion, � ¼ 1��
1�1

 

, and  equals the inter-

temporal elasticity of substitution (IES). The key assumption that  > 1

hence � < 0 implies that agents prefer an earlier resolution of economic un-

certainty, such that the uncertainty or volatility risk in asset markets carries

a positive risk premium.

The log consumption growth and its volatility follow the joint dynamics

gtþ1 ¼ �g þ 	g;tzg;tþ1; ð6Þ
	2
g;tþ1 ¼ a	 þ 
		

2
g;t þ ffiffiffiffi

qt
p

z	;tþ1; ð7Þ
qtþ1 ¼ aq þ 
qqt þ ’q

ffiffiffiffi
qt

p
zq;tþ1; ð8Þ

where �g > 0 denotes the constant mean growth rate.13 The time-variation in

	2
g;tþ1 is one of the two components that drives the equity risk premium, or

the \consumption risk"; while the time-variation in qt is not only responsible

13The parameters satisfy a	 > 0; aq > 0, j
	j < 1, j
q j < 1, ’q > 0; fzg;tg, fz	;tg, and fzq;tg are
iid Nð0; 1Þ processes, jointly independent of each other.
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for the \uncertainty risk" component in equity risk premium, but also con-

stitutes the main driver of variance and bond risk premia, as explained below.

Let wt denote the logarithm of the wealth–consumption ratio of the asset

that pays the consumption endowment, fCtþig1
i¼1; and conjecture a solution

for wt as an a±ne function of the state variables 	2
g;t and qt. One can solve for

the coe±cients A0; A	 and Aq using the standard Campbell and Shiller

(1988) approximation rtþ1 ¼ �0 þ �1wtþ1 � wt þ gtþ1. The restriction that

 > 1 hence � < 0 implies that the impact coe±cient associated with both

consumption and volatility state variables is negative; i.e., A	 < 0 and

Aq < 0. So if consumption and uncertainty risks are high, the price–dividend

ratio is low, hence, the risk premia are high. In response to high economic

uncertainty risks, agents sell risky assets, and consequently the wealth-

consumption ratio falls; so that risk premia rise.

The conditional variance of the time t to t þ 1 return, 	2
r;t � Vartðrtþ1Þ, is

given by: 	2
r;t ¼ 	2

g;t þ �2
1ðA2

	 þ A2
q’

2
qÞqt: The variance risk premium can

then be de¯ned as the di®erence between risk-neutral and objective expec-

tations of the return variance14

VRPt � EQ
t ð	2

r;tþ1Þ � EP
t ð	2

r;tþ1Þ
� ð�� 1Þ�1½A	 þ Aq�

2
1ðA2

	 þ A2
q’

2
qÞ’2

q�qt > 0: ð9Þ
One key observation here is that any temporal variation in the endogenously

generated variance risk premium is due solely to the volatility-of-volatility or

economic uncertainty risk, qt , but not the consumption growth risk, 	2
g;tþ1.

Moreover, provided that � < 0, A	 < 0, and Aq < 0, as would be implied by

the agents' preference of an earlier resolution of economic uncertainty, this

di®erence between the risk-neutral and objective expectations of return

variances is guaranteed to be positive. If consumption volatility is not sto-

chastic or there is no recursive preference, the variance risk premium is zero

by construction.

3.2. In°ation dynamics and bond return predictability

In order for the real economy model outlined above to have realistic impli-

cations for nominal bond risk premia, one needs to impose rich in°ation

dynamics, which are capable of incorporating stochastic volatility, money

non-neutrality, and perhaps both cash °ow and uncertainty shocks. Our

14The approximation comes from the fact that the model-implied risk-neutral conditional
expectation cannot be computed in closed form, and a log-linear approximation is applied.
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preferred speci¯cation for expected in°ation �t is

�tþ1 ¼ a� þ 
��t þ ’�z�;tþ1 þ ’�g	g;tzg;tþ1 þ ’�	
ffiffiffiffi
qt

p
z	;tþ1; ð10Þ

where 
� is the persistence and a�
1�
� is the long-run level of the in°ation

process. The innovations in the in°ation dynamics consist of three parts: (1) a

constant volatility part ’� with exogenous shock z�;tþ1 that is uncorrelated

with all shocks in the real model, (2) a stochastic volatility part ’�g	g;t that

works through the consumption growth channel zg;tþ1, and (3) another sto-

chastic volatility part ’�	
ffiffiffiffi
qt

p
that works through the volatility channel z	;tþ1.

Note that ’�g and ’�	 \leverage up" the in°ation exposure to the growth and

uncertainty risks. Hence, money-neutrality is implicitly violated.

We can examine each component of in°ation shocks separately to assess

which channel a®ects the bond risk premia more and to what degree it does so.

Model I : �tþ1 ¼ a� þ 
��t þ ’�z�;tþ1;

Model II : �tþ1 ¼ a� þ 
��t þ ’�	g;tz�;tþ1;

Model III : �tþ1 ¼ a� þ 
��t þ ’�z�;tþ1 þ ’�g	g;tzg;tþ1;

Model IV : �tþ1 ¼ a� þ 
��t þ ’�z�;tþ1 þ ’�	
ffiffiffiffi
qt

p
z	;tþ1;

Model V : �tþ1 ¼ a� þ 
��t þ ’�z�;tþ1 þ ’�g	g;tzg;tþ1 þ ’�	
ffiffiffiffi
qt

p
z	;tþ1:

ð11Þ

Model I includes only the autonomous in°ation and constant volatility. Even

with stochastic volatility, Model II still has no genuine in°ation risk premium,

since the in°ation innovation is exogenous.15 When there is stochastic vola-

tility, either through the growth channel (Model III) or uncertainty channel

(Model IV), a genuine in°ation risk premium exists and money neutrality is

broken implicitly. Our preferred in°ation speci¯cation (10) or Model V incor-

porates all three channels.16

For each of the ¯ve model speci¯cations, one can solve for the bond yield,

the bond risk premium, the predictability slope coe±cient, and R2, when

regressing the bond risk premium on the variance risk premium. We present

the general result of Model V here, as others are either special cases or very

easy to derive.17 The nominal bond yield can be expressed as an a±ne

15The ability or inability of Model II in explaining both the level of bond risk premia and the
predictability of the variance risk premium is also examined by Zhou (2010).
16There is a growing literature that examines the stochastic volatility or uncertainty e®ect in
real macroeconomic variables (see, e.g., Bloom, 2009; Bloom et al., 2010; Benigno et al., 2010;
Fern�andez-Villaverde and Rubio-Ramírez, 2010).
17The analytical solutions for bond prices, bond risk premia, the predictability R2, slope
coe±cients for Models I–V, and the real economy are provided in a technical note (Zhou,
2011).
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function of the state variables,

y n
t ¼ � 1

n
½AðnÞ BðnÞ CðnÞ DðnÞ�½1 	2

g;t qt �t� 0; ð12Þ

where the coe±cients AðnÞ, BðnÞ, CðnÞ, and DðnÞ are solutions to ordinary

di®erence equations.

Let rx n�1
tþ1 be the bond excess return from t to t þ 1 for an n-period bond

holding one period, then its expected value brpn
t or bond risk premium is

given by

brpn
t ¼ Dðn � 1Þ’�g � �

 
þ �� 1� ’�g

� �
	2
g;t

� f½Bðn � 1Þ þDðn � 1Þ’�	�½ð�� 1Þ�1A	 � ’�	�
þ Cðn � 1Þð�� 1Þ�1Aq’

2
qgqt � Dðn � 1Þ’2

�: ð13Þ
The ¯rst two items re°ect consumption and uncertainty risk premia that are

ampli¯ed by the endogenous in°ation shock parameters ’�g and ’�	, while

the third item captures the autonomous in°ation shock rough ’�.

Our modeling framework also has implications for the predictability pat-

tern of the bond risk premium by the variance risk premium. In a regression

brpn
t ¼ a þ bVRPt , the model-implied slope coe±cient and R2 are given by

b ¼ Covðbrpn
t ;VRPtÞ

VarðVRPtÞ
¼ f�g

ð�� 1Þ�1½A	 þ Aq�
2
1ðA2

	 þ A2
q’

2
qÞ’2

q�
;

R2 ¼ b2VarðVRPtÞ
Varðbrpn

t Þ
¼ f�g2VarðqtÞ

f�g2VarðqtÞ þDðn � 1Þ2’2
�g � �

 þ �� 1� ’�g

� �
2
Varð	2

g;tÞ
;

where f�g�½Bðn�1ÞþDðn�1Þ’�	�½ð��1Þ�1A	�’�	�þCðn�1Þð��1Þ�1Aq’
2
q.

Using these two metrics, we can evaluate whether the proposed in°ation

dynamics can reproduce the empirical pattern of bond return predictability

from the variance risk premium as presented in Sec. 2.

3.3. Calibrating bond risk premia and return predictability

The key to match the bond risk premium dynamics is through calibrating the

in°ation process, while leaving the choices of preference parameters and real

economy dynamics similar to the existing studies (see, e.g., Bansal and

Yaron, 2004; Bollerslev et al., 2009). Across all ¯ve models, as seen in Panel A

of Table 5, we choose the same in°ation level and persistence such that the

annualized in°ation rate is 2.4%. The choices of the volatility parameters are

such that the annualized in°ation volatility is 4.5%. When there are two or
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three innovations in in°ation shocks, as in Models III–V, the parameters

are set such that each component contributes equally to the total in°ation

volatility. Note that the in°ation dynamics ��� level, persistence, and

volatility ��� are almost the same as the exogenous process in Gallmeyer et al.

(2009), which imposes certain disciplines on our calibration exercise. The

choices of preference structure and real economy parameters, as seen in Panel

B of Table 5, are largely similar to those in Zhou (2010).

Our main calibration result on short-term bond risk premia levels is reported

in Panel A of Table 6. The observed bond risk premia of two- to six-month

Treasury bills for a one-month holding period range from 33 to 75 basis points

(bps). It is instructive to use the real bond as a benchmark ��� 174–338 bps,

which is far exceeding the observed levels. Therefore, it does not come as a

surprise that exogenous in°ation, either with stochastic volatility (Model II) or

without (Model I), will overshoot bond risk premia even more since the exog-

enous in°ation shock only adds on to the bond risk premium, which is purely

driven by the Jensen's inequality term but not by a genuine risk premium e®ect.

Table 5. Model calibration parameter setting.

Panel A: In°ation Dynamics

Model I Model II Model III Model IV Model V

Constant a� ¼ 8� 10�4 a� ¼ 8� 10�4 a� ¼ 8� 10�4 a� ¼ 8� 10�4 a� ¼ 8� 10�4

Persistence 
� ¼ 0:60 
� ¼ 0:60 
� ¼ 0:60 
� ¼ 0:60 
� ¼ 0:60
Autonomous ’� ¼ 0:0104 ’� ¼ 0:2221 ’� ¼ 0:0073 ’� ¼ 0:0073 ’� ¼ 0:006
Consumption ’�g ¼ �0:1570 ’�g ¼ �0:1282

Uncertainty ’�	 ¼ 0:2324 ’�	 ¼ 0:1897

Panel B: Real Economy

� = 0.997
Preference � = 2

 = 1.5
�g = 0.0015

Endowment a	 = 0.0011

	 = 0.5

aq ¼ 2� 10�5

Uncertainty 
q = 0.98

’q = 0.006

Notes: This table reports the calibration parameter values for the
real economy model, similar to Bollerslev et al. (2009) and Zhou
(2010). The Campbell–Shiller linearization constants are �1 ¼ 0:9
and hence, �0 ¼ 0:3251. The in°ation dynamics parameters are
adapted from Gallmeyer et al. (2009) for our sample period of
January 1990 to September 2010.
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In essence, we are facing a challenge of simultaneously matching the levels

of bond risk premia and the moments of variance risk premium. As shown in

Panel B of Table 6, our sample variance risk premium has a mean of 21.57

and a standard deviation of 23.42 (pre-crisis values are 18.5 and 17.5,

respectively), which is within the typical range found in recent empirical

studies (Bollerslev et al., 2009; Drechsler and Yaron, 2011). Our real economy

model can match the observed (pre-crisis) variance risk premium reasonably

well with a mean of 10.84 and a standard deviation of 10.34. Our model

also does a decent job matching the skewness (2.18) and kurtosis (7.78),

producing model implied values of 1.87 (skewness) and 8.04 (kurtosis).

Of course, our calibration strategy for the real model, and consequently for

the exogenous in°ation Models I and II, is to match the variance risk pre-

mium as best as we can but sacri¯ce by over¯tting the bond risk premia about

six to seven times larger. A similar trade-o® is also reported in Zhou (2010),

where the real economy model or autonomous in°ation Model II is able to

Table 6. Calibrated model-implied ¯nancial market risk premia.

Panel A: Bond Risk Premia

Data Real Model Model I Model II Model III Model IV Model V

2 Month Bill 0.33 1.74 1.82 1.85 0.93 1.26 0.69
3 Month Bill 0.46 2.61 2.74 2.84 1.13 1.89 0.84
4 Month Bill 0.45 3.05 3.20 3.38 1.08 2.19 0.80
5 Month Bill 0.67 3.27 3.44 3.68 0.97 2.34 0.71
6 Month Bill 0.75 3.38 3.56 3.85 0.86 2.42 0.62

Panel B: Variance and Equity Risk Premia

Data Model

Variance Premium
Mean 18.47 10.84
Std Dev 17.48 10.34
Skewness 2.18 1.87
Kurtosis 7.78 8.04
Equity Premium
Equity Premium 3.58 5.61
Equity Volatility 14.60 21.91
Risk-Free Rate 1.13 1.12
Risk-Free Rate Volatility 3.37 14.61

Notes: This table reports the calibration output values for bond risk premia and
variance risk premia from the stochastic uncertainty model of consumption and
in°ation dynamics used in this paper. The observed bond risk premia and vari-
ance risk premia are from the empirical exercise of this paper for the sample
period of 1990:01–2008:09.
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match well with the bond risk premia (44–86 bps in data and 73–94 bps in

model), but severely undershoots the variance risk premia (18.5 in the data

compared to 4.62 in model). Therefore, without dropping the money neu-

trality assumption implicit in the autonomous in°ation dynamics, there is

little hope that one can simultaneously match bond and variance risk premia.

It is interesting to note that when money neutrality is violated as in Model

III, the model-implied bond risk premia can be dramatically lowered to around

86–113 bps, compared to the exogenous in°ation Model II (around 185–385

bps). This improvement is primarily driven by the negative co-movement be-

tween in°ation and consumption innovations (’�g ¼ �0:157 < 0, Panel A of

Table 5). The negative correlation between in°ation and consumption

shocks is consistent with more recent empirical evidence that show both growth

and in°ation are in a moderate range (see, e.g., Piazzesi and Schneider, 2006;

Campbell et al., 2009). Similarly, when the in°ation shock is positively corre-

lated with the uncertainty shock, as in Model IV (’�	 ¼ 0:1897 > 0, Panel A of

Table 5), bond risk premia also moderate to around 126–243 bps from the

exogenous in°ation in Model II (around 185–385 bps). Intuitively this could

happen as volatility shocks ��� although uncorrelated with consumption

shocks ��� are negatively correlated with market risk premia (see, e.g., Bansal

and Yaron, 2004), therefore, any in°ation shock which works through the

uncertainty channel reduces bond risk premia through a discount rate e®ect.

Finally, in Model V, combining both cash °ow and the uncertainty channels

of in°ation e®ects seems to produce reasonable bond risk premia ��� 62 to 84

bps��� the closest to observed range of 33 to 75 bps. This is indeed a combined

e®ect from lower risk premium of in°ation's growth channel and lower risk

premium of in°ation's uncertainty channel, and as such,Model Vmay prove to

be amore °exible way ofmodeling in°ation risk inmatching bond risk premium

dynamics. Our result on the nominal risk-free rate and ¯ve-year yield is also

reasonable ��� 4.38 and 2.93%, respectively, while the other four models pro-

duce a similar size of the risk-free rate but with a ¯ve-year yield ranging from

�2:05 to negative in¯nity. Again this result re°ects the challenge of simulta-

neously matching bond risk premia and variance risk premium.

Long-term bond risk premia cannot be matched well by our model that has

only three underlying shocks. Model V implies bond risk premia of 3–10 bps

versus the observed levels of 95–278 bps, while other models imply negative

bond risk premia and some are near negative in¯nity. In terms of the real

economy model, Panel B of Table 6, Model V produces a reasonable equity

premium of 5.61% and an equity volatility of 21.91%. The model also matches

the real risk-free rate ��� 1.12 ��� quite well, but the risk-free rate volatility of
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14.61% is much higher than the historical average of around 3.37%. The

overshooting of the risk-free rate volatility and under¯tting of long-term

bond risk premia are the closely related outcomes of limiting the setup to only

three risk factors.

The model-implied predictability regression slope coe±cients and R2s are

plotted in Fig. 4, along with the empirical estimated ones. As shown in the

top panel, the predictability slope coe±cients of one-month excess bond re-

turn regressions clearly show a gradual upward trend for 2–6 month Treasury

bills. Model I and Model II over¯t the predictability slopes by quite a large

margin. Models III and IV improve signi¯cantly and fall within the 95%

con¯dence bands for 5–6 month t-bills. Our preferred Model V seems to ¯t

reasonably well with the slope coe±cients and is the closest to the 95%

con¯dence bands, in fact it matches the 5–6 month t-bills almost exactly. In

2 2.5 3 3.5 4 4.5 5 5.5 6

0

0.01

0.02

0.03

0.04

Bond Maturity (Months)

Empirical and Implied Slope Coefficients for brp−on−VRP Regressions

Model I
Model II
Model III
Model IV
Model V

2 2.5 3 3.5 4 4.5 5 5.5 6
0

20

40

60

80

100

Bond Maturity (Months)

Empirical and Implied R2 (%) for brp−on−VRP Regressions

Model I
Model II
Model III
Model IV
Model V

Fig. 4. Model-implied and estimated slopes and R2s for two- to six-month T-bills.

Notes: The ¯gure shows the calibrated model-implied slope coe±cients and R2s (thick lines) for regressing

the two to six months Treasury bill one-month excess returns on the variance risk premium, along with

their estimated empirical counterparts (thin lines with circles), and 95% con¯dence bands of the slope

coe±cients (thin dashed lines with circles).
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the bottom panel, Models I and VI produce predictability R2s of 100% by

construction, since both bond risk premium and variance risk premium are

driven by the same uncertainty factor, qt, alone (Zhou, 2010). Model II seems

to improve signi¯cantly as the bond risk premium also loads on the con-

sumption growth risk 	2
g;t. The R

2's implied by Models III and V actually get

very close to the observed ones.

In summary, our preferred Model V, which incorporates in°ation's expo-

sure to both growth and uncertainty risks, seems to have the potential to

match both the observed bond risk premia levels and the predictability

pattern from the variance risk premium.

4. Conclusion

This paper documents the predictive power of the equity market variance risk

premium for bond excess returns. The variance risk premium is de¯ned as the

di®erence between the risk-neutral and objective expectations of return

variations and it is estimated without a forward-looking bias. The predictive

power is shown to be particularly strong in the short-run for a one-month

horizon, irrespective of the underlying bond maturities. The information

contained in the variance risk premium is orthogonal to other known pre-

dictors of bond risk premia ��� forward rates, jump risk, and macro variables.

The previously documented predictors for bond risk premia are particularly

powerful for longer horizons. Short-term bond risk premia exhibit pro-

nounced spikes around major economic and ¯nancial crises, which is in

contrast to the cyclical swings typically observed in long-term bond risk

premia.

We then propose a model that features time-varying uncertainty about

real and nominal quantities, along with investors' preferences for early res-

olution for uncertainty, to produce the level and predictability of bond risk

premia, which have been found di±cult to pin down in standard asset pricing

models. While the real side of the economy follows earlier literature, the

in°ation process consists of two key ingredients ��� one stochastic volatility

process that covaries with the consumption growth and the other that cov-

aries with the consumption uncertainty, which gives rise to a genuine in°a-

tion risk premium.

In our calibration exercise, the model implied bond risk premia are only

several basis points away from their empirical counterparts. The model also

produces a reasonable equity premium, risk-free rate, and equity volatility

but overshoots the risk-free rate volatility. The average variance risk
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premium produced by our model is only slightly lower than the estimated

empirical variance risk premium. In addition, the higher order moments

(variance, skewness and kurtosis) of the variance risk premium are also ¯tted

quite nicely. Finally, the model is able to replicate the predictive power of the

equity variance risk premium for bond risk premia remarkably well.
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