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Abstract

We introduce a simple and tractable methodology for estimating semiparametric
conditional latent factor models. Our approach disentangles the roles of character-
istics in capturing factor betas of asset returns from “alpha.” We construct factors
by extracting principal components from Fama-MacBeth managed portfolios. Ap-
plying this methodology to the cross-section of U.S. individual stock returns, we
find compelling evidence of substantial nonzero pricing errors, even though our fac-
tors demonstrate superior performance in standard asset pricing tests. Unexplained
“arbitrage” portfolios earn high Sharpe ratios, which decline over time. Combin-
ing factors with these orthogonal portfolios produces out-of-sample Sharpe ratios

exceeding 4.
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1 Introduction

A central question in empirical asset pricing is why different assets earn different average
returns. While asset pricing theory attributes cross-sectional differences in returns to
variations in risk exposures, considerable evidence suggests that mispricing—captured by
the dependence of returns on asset characteristics—also plays a significant role, suggest-
ing potential market inefficiencies. Much of the debate centers on multi-factor models
that aim to link average returns to factor loadings, building on the influential framework
of Fama and French (1993), who introduced a portfolio-sorting approach to constructing
asset pricing factors. Following their seminal work, researchers have proposed hundreds
of factors, leading to what Cochrane (2011) memorably termed the “factor zoo,” a
concept further explored by Harvey et al. (2016). While some factor models have an
explicit justification based on economic theory, many implicitly rely on the idea that
factors capture common variation in returns, thus appealing to arbitrage pricing theory
and its extensions (Ross, 1976; Chamberlain and Rothschild, 1982; Connor and Kora-
jezyk, 1986, 1988; Reisman, 1992). Since implementing the latter requires estimating
the conditional covariance matrix of returns, which becomes impractical when the num-
ber of assets (V) exceeds the number of time periods (7"), most studies rely on asset
characteristics to proxy for (imperfectly measured) risk exposures, often employing the
portfolio-sorting approach. However, this makes distinguishing between risk-based ex-
planations and those rooted in mispricing virtually impossible, as exemplified by the

“characteristics versus covariances” debate (Daniel and Titman, 1997).

In our analysis we consider a canonical conditional factor model:
Yit = Oé(Zit) -+ 5(Zit)/ft +ée,i=1,...,N,t=1,...,T. (1)

Here, y;; is the excess return of asset ¢ at time period ¢, z;; is an M x 1 vector of pre-
specified asset characteristics (which may include a constant term) that is observed at
the beginning of time period t,' f; is a K x 1 vector of unobserved latent factors, () is a
K x 1 vector of unknown factor loading functions, «(+) is an unknown intercept function,
ei¢ is the idiosyncratic component that is orthogonal to the common factors f;.2 The

model describes a conditional factor model, in the sense that it captures time-variation

n asset pricing, z;¢—1, the characteristics observed at time period ¢ — 1, is usually used in (1). For
notational simplicity, here we use z;; rather than z; ;1.

2While our main focus is on cross-sectional asset pricing, the model has other potential applications,
which include modelling the implied volatility of options (Park et al., 2009) and describing consumer
demand system (Lewbel, 1991), among others.



in asset return exposures to the common factors (i.e., 5(z;)) as well as the pricing errors
(i.e., a(zi)), which are both functions of characteristics. This model is well suited for
resolving the “characteristics versus covariances” debate, since it potentially allows for
distinguishing between the risk and mispricing explanations of the role of characteristics
in predicting asset returns.? Meanwhile, the model allows for pooling the information
in a multitude of characteristics and summarizing the common variation using a small
number of factors, thereby helping to “tame the factor zoo.” The challenge of using
the model is threefold: first, the identities of the common factors f; are unknown since
the factors are latent; second, the functional forms of the alpha and beta functions are
also generally unknown; finally, the cross-sectional dimension N is typically much larger
than the sample time-series length T', which renders standard tools of factor analysis

inapplicable, especially when conditional covariances are time-varying.

We introduce a simple and tractable estimation method to recover both the latent
factors and the functional parameters of the model, alongside formal inference proce-
dures. First, we develop an easy-to-compute estimator for a(-), 5(-), and f; based on
a sieve approximation to the nonparametric functions a(-) and B(-). The estimation
involves two steps: (i) regressing y;; on sieve functions of z;; for each ¢; and (ii) applying
principal component analysis (PCA) to the estimated coefficients obtained in step (i).
We refer to this approach as the regressed-PCA. The first step aligns with the cross-
sectional regressions of Fama and MacBeth (1973), where the estimated coefficients at
each point in time represent returns of “pure play” characteristic-managed portfolios.
The second step is effectively a standard PCA on a relatively small set of characteristic-
managed portfolios constructed via Fama-MacBeth regressions. Second, we develop a
bootstrap inference framework to assess the significance of «(-) as well as test the linear-
ity of a(-) and S(-). Third, we establish large-sample properties of the estimators under
mild conditions, including consistency, rate of convergence, and asymptotic normality,
as well as the validity of the proposed tests. Notably, the asymptotic results possess
several advantages: (i) they do not require large T'; (ii) they accommodate time-varying
and potentially nonstationary z;; (iii) they apply to unbalanced panels, which is par-
ticularly beneficial for securities with varying lifespans. Our Monte Carlo simulations
demonstrate that the proposed estimators and tests exhibit satisfactory finite-sample
performance and remain robust even when 7' is small, provided N is large. In ad-

dition to offering formal inference procedures and well-founded asymptotic properties,

3While useful, it might not be sufficient to resolve the debate, since distinguishing between the different
explanations requires understanding the economic nature of the latent factors - e.g., see Kozak et al.
(2018).



regressed-PCA presents several advantages over existing methods such as instrumented
PCA (IPCA) (Kelly et al., 2019) and projected-PCA (Fan et al., 2016a; Kim et al., 2020).
Specifically, regressed-PCA is computationally efficient and accommodates nonzero al-
phas, time-varying characteristics, unbalanced panels, and short samples, making it

particularly well-suited for empirical asset pricing applications.

We apply our new methodology to analyzing the cross-section of individual stock
returns. Our analysis uses the same dataset as Kelly et al. (2019), the study most
closely aligned with ours in terms of empirical aims. However, our econometric approach
and empirical findings differ significantly from theirs. First, unlike Kelly et al. (2019,
2020), our method does not aim to simultaneously maximize the “fit” of the factor
model to individual asset returns in both the time-series and cross-section. Instead, we
extract factors that capture the most time-series comovement within a set of portfolios,
which, in turn, reflect the most cross-sectional variation in individual asset returns.
Second, our approach allows the a(-) and S(-) functions to be nonlinear. We test—and
reject—the validity of linear specifications empirically, which reveals the strong evidence
of nonlinearity in factor loadings and pricing errors. Third, our inference procedure also
enables us to test the significance of pricing errors. Our empirical results reveal that the
pricing errors associated with many characteristics are statistically significant, leading
to the rejection of the risk-based model. Lastly, our methodology facilitates rolling
sub-sample analyses to accommodate evolving factor dynamics, as it does not rely on
large T'. We find that both in-sample and out-of-sample goodness-of-fit measures for all
factor models decline from 1970 until roughly 2000 but improve thereafter. This pattern
aligns with the findings in Campbell et al. (2001) and Campbell et al. (2022) on the
time-variation in the amount of idiosyncratic volatility in the U.S. stock market. We
also document a significant decline in pricing errors in more recent years, particularly
since 2000. This decline may reflect the growing prevalence of quantitative investing,
which reduces mispricing by exploiting characteristic-related anomalies, as suggested by
McLean and Pontiff (2016) and Green et al. (2017).

Based on these findings, we construct trading strategies. The pure-alpha portfolios
constructed based on nonzero pricing errors are associated with annualized Sharpe ratios
typically above 3 (as is common in the literature, we refer to these as “arbitrage” portfo-
lios, even though their returns are far from riskless). Meanwhile, the mean-variance effi-
cient (MVE) portfolios constructed from the corresponding factors deliver substantially
lower Sharpe ratios. This is different from the case in IPCA, where the Sharpe ratios of

pure-alpha and MVE factor portfolios are comparable. Moreover, we approximate the



stock market’s MVE portfolio with the combined MVE portfolios of the pure-alpha port-
folios and factors. Regressed-PCA consistently yields higher Sharpe ratios than IPCA,
highlighting the advantages of our method. The higher Sharpe ratios in regressed-PCA
primarily stem from the pure-alpha portfolios, in contrast to the case in IPCA, where
both the pure-alpha portfolios and factors contribute comparably. Furthermore, we doc-
ument that the nonlinear specifications consistently produce MVE factor and combined
MVE portfolios with higher Sharpe ratios than the linear specification, underscoring
the significance of incorporating nonlinearity. Our results indicate that low-dimensional
factors are unlikely to span the conditional efficient frontier. At the same time they
demonstrate that imposing a factor structure on the conditional covariance matrix of
returns yields robust estimates of the stochastic discount factor, as evidenced by the high

Sharpe ratios of the out-of-sample MVE portfolios that we obtain using our approach.

In order to further validate our factors, we evaluate their performance in standard
asset pricing tests. Our empirical results demonstrate that the regressed-PCA factors
consistently outperform IPCA’s factors in pricing a large set of testing portfolios, as evi-
denced by smaller pricing errors, t-statistics, and GRS statistics. IPCA factors’ inferior
performance primarily arises from its much larger regression R?’s, which indicates that
these factors capture more time-series variation in returns well but less cross-sectional
variation. Moreover, our factors from the nonlinear specifications also outperform Fama
and French (2015)’s factors, which justifies the advantages of regressed-PCA over the

traditional portfolio-sorting approach.

Our paper contributes to several strands of the literature. A number of studies have
estimated models similar to (1) under the assumption that z;; are time-invariant, at least
within subsamples. These include Connor and Linton (2007), Connor et al. (2012), Fan
et al. (2016a), Kim et al. (2020), Ge et al. (2022), and Fan et al. (2022). Gagliardini and
Ma (2019) and Gu et al. (2021) explore conditional latent factor models that impose the
absence of arbitrage, i.e., a(-) = 0. There are numerous studies of conditional models
with observed factors; see Gagliardini et al. (2016) and Gagliardini et al. (2020) for a
comprehensive review. Another strand of literature studies time-varying factor models
in which factor loadings evolve smoothly as functions of /T or aggregate variables;* see,
for example, Motta et al. (2011), Su and Wang (2017), and Pelger and Xiong (2021).

4The broader literature on conditional models with observable factors has extensively explored time-
varying factor loadings that depend on aggregate variables rather than firm-specific characteristics. For
example, Ferson and Harvey (1999) use a linear specification, while Roussanov (2014) employs non-
parametric kernel-based approaches. Building on our methodology, Chen (2022) extends the estimation
of conditional latent factor models to include heterogeneous alpha and beta functions, accommodating
aggregate variables within z;;.



The literature on the cross-section of asset returns is vast; here we focus on multi-
factor models motivated by the arbitrage pricing theory. Empirical analysis that ex-
ploits the ability of characteristics to predict asset returns typically follows either the
portfolio-sorting approach (Fama and French, 1993, 2015; Daniel and Titman, 1997) or
the characteristic-based approach (Rosenberg and McKibben, 1973; Jacobs and Levy,
1988; Lewellen, 2015; Green et al., 2017; Freyberger et al., 2020; Kirby, 2020; Giglio and
Xiu, 2021; Kozak and Nagel, 2023). The significance of nonlinear relationships in asset
pricing has been underscored by several empirical studies (Connor et al., 2012; Kirby,
2020) and more recently explored through machine learning methods (Gu et al., 2021;
Chen et al., 2022).

The remainder of the paper is organized as follows. Section 2 introduces the estima-
tion method—regressed-PCA—along with its key properties and advantages. Section 3
interprets the method in the context of asset pricing. Section 4 establishes large-sample
properties of the estimators and develops bootstrap inference procedures. Section 5 ap-
plies the new methodology to analyze the cross-section of individual stock returns in the
U.S. market. Finally, Section 6 briefly concludes. The Online Appendix includes esti-
mators for the number of factors, assumptions, proofs of theoretical results, additional

discussions, simulation results, and additional empirical findings.

2 Estimation Method

In this section, we introduce a method for estimating the model in (1), which we term
regressed principal component analysis or regressed-PCA, along with its key properties

and advantages.

To illustrate the underlying idea of our regressed-PCA approach, we begin by as-
suming that «(-) is null and S(-) is linear, i.e., a(-) = 0 and S(zi) = I'z; for some
M x K matrix I'. Let Y;‘, = (ylta .. ,yNt)/, Zt = (th, c. ,ZNt)/, and Et = (€1t, PN 75Nt)/-

The model in (1) can then be written in matrix form as:
Ye = ZIfi + & (2)

A key challenge in applying PCA to estimate I and f; is the presence of Z; in the first
term on the right-hand side of (2). To address this, we first regress Y; on Z;, yielding:

(Z:20) ' ZiYs = T fy + (Z20) ' Zen. (3)



Heuristically, variation in the common component Z;I' f; over ¢ comes from two sources:
Zy and fy, and regressing Y; on Z; disentangles these sources by isolating Z; from the
common component. Given the factor structure on the right-hand side of (3), we can
apply PCA to the series {(Z}Z;) "' Z]Y; }+<r to obtain estimators for I' and f;.

Alternatively, the model in (2) can be viewed as a panel data model with time-varying
slope coefficients I"f;, which exhibit a factor structure. Essentially, regressed-PCA first
estimates the time-varying slope coefficients by period-by-period cross-sectional regres-

sions and then exploits the underlying factor structure by using PCA.

2.1 Regressed-PCA

Now, we consider the general case where «(-) is nonzero and show how to estimate «(-)
and B(-) = (B1(+),..., Bk () nonparametrically. To avoid the curse of dimensionality
when z;; is multivariate, we assume «(-) and S (-) are separable. Specifically, we assume

there exist functions {a, () }m<ar and {Bgm(-) }m<ar such that:

Zzt Z Zztm and /Bk Zzt Z ﬁkm Zztm (4)

m=1
where 2z, is the mth entry of z;. We adopt the sieve method to estimate ouy(+)
and Srm(-). Let {¢;(:)};>1 be a set of basis functions (e.g., B-splines, Fourier series,
polynomials) that span a dense linear space of the functional space for o, (-) and Bgm(+).

Then, we can express:

J
am(Zitm) = Z A, D5 (Zit,m) + Tm,J (Zit,m), (5)
j=1
J
5km(zit,m) = Z bkm,jd)j(zit,m) + 5km,J(zit,m)- (6)
j=1

Here, {am ;}j<s and {bgm ;}j<s are the sieve coefficients; ry, s(-) and i s(-) are “re-
maining functions” representing the approximation errors; J denotes the sieve size.” The
basic assumption for the sieve method is that sup, |7y, s(2)| = 0 and sup, |0, s(2)| = 0
as J — o0o. Let <Z_>(zztm) = (01(zitm), - - - 05 (zitm))'s O(zir) = ((E(zz-t’l)’, ... ,qg(zit,M)’)',

— / J—
and define the vectors a = (a11,...,a1,7,...,am1,---,anm,g), b = (bk11s -5 bk1,0, - -+,

SFor notational simplicity, we use the same basis functions in (5) for different m’s and the same sieve
size. Our results remain valid if different basis functions and different sieve sizes are used for each m.



b1, -- -5 beag) s and the matrix B = (b, -+ ,bx). Let r(z4) = Zn]‘le Tm,J (Zit,m) and

8(zit) = (Z%:l S1m, g (Zitm), - - - 72%:1 Skm,J(Zit,m))'. Thus, we have:
a(zi) = d' ¢(zi) + r(zi) and B(zi) = B'¢(2i) + 5(zi). (7)

This shows that a(z;) and 3(z;) can be approximated by a’'¢(z;) and B'¢(z;), respec-

tively, and estimating a(-) and ((-) reduces to estimating a and B.

Next, we adapt the regressed-PCA to estimate a, B, and f; using the sieve approx-
imation in (7). Let ®(Z;) = (¢(211),--.,0(2n1))s R(Zy) = (r(z11),-..,7(2nt)), and
A(Zy) = (0(#14),---,0(znt)). Using the sieve approximation, we write the model in (1)

in matrix form as:
}/t = (I)(Zt)(l + (D(Zt)Bft + R(Zt) + A(Zt)ft + Et. (8)

Under the basic sieve assumption, the term R(Z;) + A(Zy) fi is negligible. The main
challenge in applying PCA to estimate a, B, and f; lies in the presence of ®(Z;) in the
first two terms on the right-hand side of (8). To address this, we regress Y; on ®(Z;),
yielding:

Y = a+ Bfi+ (D(Z) (Z;)) ' ©(Ze) (R(Zt) + A(Zh) fi + e1), (9)

where Y; = (®(Z;)'®(Z;))~'®(Z;)'Y;. Thus, we estimate a, B, and f; as follows. First,
since Y; ~ a + Bf;, we remove a by subtracting Y = ST, Y;/T from Y; and estimate B
by applying PCA to the demeaned series {Yt—{/}th- Second, for identifying a (and thus
a(+)), we impose the condition a’B = 0. Since Y ~a+ Bf (with f = YL, f/T), we
estimate a as a ~ [I7y — B(B’B)_IBD:/. Finally, f; is estimated as f; ~ (B'B)~'B'Y;.

The formal estimators for a, B, a(-), 8(-), and F = (f1,..., fr) are defined as fol-
lows. Let a, B, &(-), 3(+), and F denote the respective estimators. Let Y = (Y1,...,Y7)
and My = It — 1701, /T, where 1p is a T' x 1 vector of ones. Using the normalization
B'B = I and F'MpF/T being diagonal with descending diagonal entries, the columns
of B are the eigenvectors corresponding to the largest K eigenvalues of Y MpY”’ /T. We
then have: a = (I — 33’)?,

a(2) = 9(2), B(z) = B'é(2), and F = (fu,.... fr)' = V'B. (10)

We assume that the number of factors, K, is fixed and known. In Section 4, we establish

asymptotic properties of the estimators and develop inference methods. In Appendix



A, we propose two consistent estimators for K, ensuring that our results extend to the

case of an unknown K by using a conditioning argument.

2.2 Key Properties

Our regressed-PCA method has several appealing properties and is straightforward to
implement. First, as discussed in Section 4.1, it accommodates time-varying z; and does
not require a large time dimension 7'. This flexibility allows us to examine the evolving

relationship between risk and return using both full-sample and sub-sample analyses.

Second, the estimation procedure is well-suited for unbalanced panels, which is par-
ticularly relevant in cross-sectional asset pricing applications. The key step of regressed-

PCA is to compute Y;. Specifically, we can express Y; as:

3 N -1 N
Y, = (Z ¢(Zz‘t)¢>(zit)'> > b2y (11)
=1 i=1

For unbalanced panels, Y; can still be calculated by summing only over the i’s for which
both z;; and y; are observed at time period ¢. This approach is equivalent to treating
missing data as zeros, allowing us to proceed as if working with a balanced panel. The
asymptotic results we derive remain valid as long as min;<7 Ny — oo, where [V; is the

sample size at time period t.

Third, our method continues to be effective even when the pricing errors and risk
exposures are not fully explained by z;. Let e, and eg; be the error terms in the
pricing errors and the risk exposures, respectively, which are orthogonal to z;. In this

case, the model becomes:
Vit = [o(zit) + eait) + [B(2it) + eﬂ,it]/ft +eir = ozi) + /B(Zit)/ft + €5y, (12)

where €}, = € + eq it + eiB,it ft- Since we are not interested in estimating e, and eg j,

our asymptotic results remain valid if we replace ¢ in the original model with €.

Finally, efficiency of our estimation procedure could be improved by using generalized
least squares in its first step. Our asymptotic results continue to hold if we replace
®(Z;) and e; with their transformed counterparts Vt_l/ 2<I>(Zt) and Vfl/ %, where V
is the conditional covariance matrix of Y; at each time period t. While V; is usually
unknown, Hoberg and Welch (2009) suggest some practical guidance to account for the

cross-correlation and heteroskedasticity of the idiosyncratic noise €.



2.3 Comparing Methods

How does our regressed-PCA compare with existing methods that have been proposed

in the literature? What are the advantages of our regressed-PCA?

First, the projected-PCA proposed by Fan et al. (2016a) applies PCA to the series
{®(Z,)(®(Z,)'®(Z)) L ®(Z;)'Ys }i<7. In contrast, our regressed-PCA applies PCA to
the series {(®(Z:)'®(Z;)) ' ®(Z:)'Yi}t<r. The two methods are fundamentally differ-
ent: regressed-PCA applies PCA to estimated coefficients, while projected-PCA focuses
on fitted values. The regression step in regressed-PCA is designed to extract Z; from the
common component for consistent estimation, whereas projected-PCA aims to remove
noise in non-time-varying factor loadings to achieve efficiency in estimation. Conse-
quently, projected-PCA may yield inconsistent estimates when Z; is time-varying.® As
noted by Fan et al. (2016b) and further investigated by Cheng et al. (2023), ensuring the
consistency of projected-PCA may necessitate imposing smoothness conditions on how
Zy varies with ¢, which our regressed-PCA does not require. Additionally, projected-
PCA often requires dropping certain observations to maintain a balanced panel, whereas

regressed-PCA is applicable to unbalanced panels.

While Kim et al. (2020) extend projected-PCA to accommodate nonzero «(-), they
do not develop an inference procedure. Similarly, Fan et al. (2022) extend projected-
PCA by employing deep neural networks and propose a local version to capture slowly
changing alphas and betas. However, while neural networks can alleviate the curse of
dimensionality for prediction tasks, they are not typically well-suited for inference—a
key focus of our paper. Our regressed-PCA not only allows for nonzero «(-) but also
provides formal testing procedures, which are crucial for evaluating and comparing factor
models. Moreover, by incorporating rapidly varying Z;, our regressed-PCA is able to

capture abrupt changes in both alphas and betas effectively.

Second, consider the least squares estimation approach introduced by Park et al.
(2009), which is at the core of the IPCA of Kelly et al. (2019). The least squares

method minimizes the following objective function:

T
Y (Y= ®(Z)a— ®(Z)Bf) (Vi — ®(Zi)a — ®(Z0)Bfy), (13)
=1

SFor instance, as illustrated in (2), we have Zt(Zth)*lZ{Yt ~ ZT'f, which does not conform to a
factor structure unless Z; remains constant over t. Therefore, applying PCA to {Z:(Z{Z:) ' Z{Y: } =,
can result in failure to estimate f;.

10



while regressed-PCA minimizes:”

(Yt —a-— Bft)/(Yt —a— Bft)

M=

o
Il
—

M=

(Yi — ®(Z)a — ®(Z)Bfy)' Sy (Yi — ©(Zy)a — ®(Z;)Bfy), (14)

~~
Il
—

where S; = ®(Z;)(®(Z)®(Z)) " H(®(Z,)' ®(Z;)) "1 ®(Z;)'. The objective functions of
these two approaches differ, except when ®(Z;)'®(Z;)/N = I;),.% Essentially, the least
squares approach in (13) maximizes in-sample R?, while regressed-PCA in (14) opti-
mizes time-series comovement of Y;, which captures the most cross-sectional variations
of individual asset returns. A key challenge with the least squares approach is that its
minimization problem is nonconvex and cannot be solved explicitly. While Park et al.
(2009) develop a numerical algorithm to find the estimators, and Kelly et al. (2019)
propose an alternating least squares procedure, both methods may require careful se-
lection of initial values to ensure convergence to the correct solution. Furthermore, the
asymptotic properties of these algorithms are not well understood. In addition to the
asymptotic properties that we derive, our regressed-PCA provides estimators that can
always be explicitly solved. Unlike IPCA, which relies on a long time series of returns,
our regressed-PCA does not require a large time dimension T, enabling sub-sample

analyses and capturing potential time variation in the coefficients (a and B).

Another advantage of our regressed-PCA approach lies in factor construction. As the
number of factors, K, increases by one, regressed-PCA simply constructs an additional
factor on top of existing ones through PCA. In contrast, IPCA requires reconstructing
all factors by recomputing alternating least squares, making it sensitive to the number
of factors. For example, the first factor under K = 2 may differ significantly from the
first factor under K = 1, and the factor space under K = 2 does not necessarily nest
the factor space under K = 1. Moreover, IPCA’s factors can be correlated. In contrast,
regressed-PCA produces factors that are uncorrelated by construction and remain stable,

regardless of the number of factors chosen.

Overall, in addition to its formal inference procedures and well-established asymp-
totic properties, our regressed-PCA offers significant computational simplicity. It ac-
commodates nonzero alphas, time-varying characteristics, unbalanced panels, and short

samples, making it particularly suitable for empirical asset pricing. Moreover, it provides

"The equality in (14) follows because Y; = (®(Z;)'®(Z:)) ' ®(Z:)'Ys.
83ee Appendix D.1 for discussion.

11



stable and reliable factor construction.

3 Asset Pricing Interpretation

Regressed-PCA has deep roots in asset pricing. In a typical asset pricing application,
yi¢ Tepresents the realized returns on asset ¢ at the end of time period ¢, while z; p,
represents the m’th attribute or characteristic of asset ¢ that is known at the beginning
of time period t (or, alternatively, at the “end” of time period t —1). The regressed-PCA
first estimates the time-varying slope coefficients by period-by-period cross-sectional
regressions of returns on (functions of) characteristics, and then exploits the factor
structure by using PCA. These period-by-period cross-sectional regressions are known
as Fama-MacBeth regressions (Fama and MacBeth, 1973), which help transform a large
unbalanced panel of noisy individual asset returns into a lower-dimensional balanced
panel of portfolio returns that are largely free of idiosyncratic noise, Y;. Furthermore,
Y; can be interpreted as the time ¢ realization of returns on a set of JM characteristic-

9

managed portfolios, sometimes referred to as “optimized portfolios,” “characteristic pure
plays,” or “cross-section factors” (e.g., as in Hoberg and Welch (2009), Back et al. (2015),
and Fama and French (2020)). We also refer to them as Fama-MacBeth managed

portfolios.

In particular, if the basis functions ¢(z;;) include a constant term (e.g., as the first
element in ¢(z;;)) and are standardized to have a zero mean in each cross-section, then
the intercept in the Fama-MacBeth regressions (the first element in Y;) represents a
“level” return. This is essentially the equal-weighted average excess return across all
individual assets, with weights summing up to unity or costing $1, and it has no ex-ante
loadings on any characteristics.” This is sometimes referred to as a “naively diversified”
or 1/N portfolio. As shown by Fama (1976), the period-by-period slope coefficients
corresponding to the time-varying basis functions (all elements of Y; starting from the
second) are excess returns on zero-cost portfolios, as long as a constant term is included
in the basis functions. These portfolios have weights on individual assets that set the
weighted average value of the relevant basis function to one and those of all the re-
maining basis functions to zeros;!? see Hoberg and Welch (2009) and Kirby (2020) for

9This is due to two properties. First, the intercept in Y; is equal to Zivzl yit/IN when the nonconstant
regressors have a zero mean. Second, the weights in Y;, given by W = (®(Z:)'®(Z:)) ' ®(Z,)’, satisty
the property that W:®(Z;) = I;a. The second property also clarifies the property of the weights for
other portfolios in Y:.

108ee Footnote 9.
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other attractive properties. In simpler terms, each portfolio has spread in only one basis
function, or a pure play on a particular basis function. Moreover, adding one more
basis function in the Fama-MacBeth regressions to a benchmark corresponds to intro-
ducing one additional zero-cost portfolio, which raises average exposure to that specific
basis function by one unit while maintaining average exposures to other basis functions
unchanged. Therefore, these portfolios can also be interpreted as “slope” returns with

respect to the time-varying basis functions.

Moreover, Fama (1976) demonstrates that the portfolios in Y; exhibit minimum
variance and often low correlations under OLS-like i.i.d. assumptions, rendering them
maximally diversified.!! Due to their low noise and correlations, several studies have
explored the advantages of these portfolios in asset pricing tests. For instance, Hoberg
and Welch (2009), Back et al. (2015), and Kirby (2020) highlight their utility as test
assets (dependent variables), while Back et al. (2013) and Fama and French (2020) em-
phasize their effectiveness as pricing factors (independent variables), particularly when
compared with the portfolio-sorting approach. However, these studies primarily focus
on linear specifications (i.e., ¢(zit) = z; which includes a constant term) with a small

number of characteristics, and their findings may not generalize to more complex cases.

In the presence of a large number of characteristics or basis functions, the dimension
of ¥; can become substantial, and the portfolios in Y; may exhibit high correlations,
even though each portfolio is maximally diversified. Understanding the factor structure
of the portfolios in Y; as test assets is crucial to avoid spurious fit of misspecified asset
pricing models that happen to be correlated with some of the latent factors, as empha-
sized by Lewellen et al. (2010). A straightforward solution is to apply PCA to extract

uncorrelated principal components from Y;, which is the essence of our approach.

3.1 Comparison with Portfolio Sorting

The extracted factors from regressed-PCA in (10) are linear combinations of characteristic-
managed portfolios Y;, and thus are themselves tradable portfolios. As a way of fac-
tor construction, regressed-PCA shares a strong connection with the portfolio-sorting
approach. Sorting assets into portfolios can be equivalently framed as running cross-
sectional regressions of returns on dummies that represent groups sorted by characteris-
tics at each time period, whether the sorting is independent or dependent. Specifically,

the return of each sorted portfolio (i.e., the average return of individual assets within a

HSee Appendix D.2 for discussion.

13



group) is the coefficient of the corresponding group dummy in the regression. Using our
notation, the returns of sorted portfolios can be represented by Y; when the basis func-
tions ¢(z;) are group dummies.'? Thus, the key difference between the first steps of the
regressed-PCA and portfolio-sorting approaches lies in their choice of basis functions.
Sorting has been recognized as a nonparametric method for examining the relationship
between average returns and characteristics, as highlighted by Fama and French (2008),
Cochrane (2011), and Cattaneo et al. (2020).

However, regressed-PCA offers several advantages over sorting. First, sorting quickly
encounters the curse of dimensionality and rarely handles more than four characteristics
simultaneously. When multiple characteristics are present, double sorting is typically
used for each pair of characteristics, making it difficult to infer which characteristics
uniquely affect average returns. Regressed-PCA addresses this limitation by employing
a separable additive specification (see (4)) and B-splines basis functions, which allow for
a large number of characteristics and facilitate testing their significance. Second, sorting
fails to fully exploit the variation in characteristics within each sorted group. In contrast,
regressed-PCA takes advantage of the full variation in characteristics. Third, sorting
struggles to effectively explore the nonlinear relationship between average returns and
characteristics: sorting essentially uses step functions, which suffer from several well-
known shortcomings, such as discontinuities at cutoffs, poor extrapolation, and unstable
estimates that are highly sensitive to outlier assets (Hastie et al., 2011). These issues

are mitigated by the use of B-splines, which our regressed-PCA incorporates.

Although long-short factors (such as high-minus-low and small-minus-big factors) are
straightforward to interpret, regressed-PCA offers several advantages over them. First,
the long-short approach focuses only on portfolios in extreme groups and ignores those in
the middle. As a result, it may fail when factor loadings exhibit non-monotonicity with
respect to characteristics, such as a “tent” shape. Regressed-PCA, on the other hand,
uses all portfolios formed by Fama-MacBeth sieve regressions, making it more adapt-
able to capturing underlying nonlinearities. Second, long-short factors do not effectively
distinguish between the risk and mispricing explanations of the role of characteristics
in predicting asset returns, a distinction at the heart of the “characteristics versus co-
variances” debate. Regressed-PCA is based on a latent factor model for individual asset
returns, which is ideally suited to resolve this debate. Third, when multiple character-
istics are present, long-short methods can quickly lead to the “factor zoo” problem as

distentangling the roles of correlated characteristics can be difficult in multi-way sorts

128ee Appendix D.3 for discussion.
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with potentially too few securities in each bin. Regressed-PCA mitigates this issue
by utilizing Fama-Macbeth managed portfolios, which are maximally diversified “pure
plays” on characteristics, together with PCA, which has also been proven effective in
reducing the dimensionality of sorted portfolios (Kozak et al., 2018, 2020; Lettau and
Pelger, 2020).

4 Econometric Analysis

In this section, we establish the asymptotic properties of our estimators, including con-
sistency, the rate of convergence, and their asymptotic distribution. Additionally, we
develop bootstrap inference procedures. We begin by defining some notation that will
be used throughout the paper. For a symmetric matrix A, we denote its kth largest
eigenvalue by A\;(A), and its smallest and largest eigenvalues by Apin(A4) and Apax(A4),
respectively. The operator norm of a matrix A is denoted by ||Al|2, and its Frobenius
norm by |[|A]|r. The vectorization of A is written as vec(A). The Euclidian norm of a
column vector x is denoted by ||z||. Finally, for matrices A and B, we use A ® B to

denote their Kronecker product.

4.1 Asymptotic Properties

Before presenting formal theorems, we revisit (2) to briefly illustrate why a large T is
not required and Z; can be nonstationary over t. Consider the case when T' > K +1 and
M > K. Since the columns of B and I are the eigenvectors of Y M7Y’ and T'F’ My FT,
respectively, corresponding to the first K largest eigenvalues, by the matrix perturbation
theorem (see, for example, Yu et al. (2014)), the consistency of B to I' (up to a rotational

transformation) can be established if we can show that:
|Y My — TF' Mr||p = 0p(1) as N — oo. (15)
Since Y = TF' + ((Z,21)"* Zex, ..., (ZyZ1) ' Zher), (15) simplifies to:
1((Z120)  Zen, ..., (ZypZr) * Zier) My || F = 0p(1) as N — <. (16)

When T is fixed, (16) is equivalent to (Z/Z;)"'Zje; = o,(1) for each t. Therefore,
only regularity conditions on Z; and ¢, for each ¢ are needed to apply the law of large

numbers. This result also implies that Z; can vary over ¢ in a nonstationary fashion.
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Let H = (F'MpE)(F'MpF)~!, which represents a rotational transformation matrix
that governs the convergence limit of B, F', and §(-). Define &; = sup, ||¢(z)]|, which
scales as O(v/J) for B-splines and Fourier series, and O(J) for polynomials (see, for
example, Belloni et al. (2015)).

Theorem 4.1. Suppose Assumptions B.1-B.5 hold. Let a, B, F, a(+), and B() be given
n (10). Assume (i) N — oo; (i) T > K + 1 (T may stay fixed or grow simultaneously
with N ); (iii) J — oo with J?¢%log J = o(N). Then

R 1 J J
Ja—al =0, (75 + 75+ 77 )

N2 NT
. 1 J J
— 2 — - _ -
I1B - BHI} =0, (35 + 3+ 77 )
1 _ 1 1
FIE =P =0, (5 + ).
1 J: o J?
supla(z) ~ (=) = 0, ( Tt Rt NT) max sup [0;(2)].

. 1 J2 JQ
sup |3(:) ~ H'B()IP = 0, (J + NT) mascsup 1052

where k > 1/2 is a constant representing the smoothness of o(-) and 5(-).

All the assumptions are outlined in Appendix B. Theorem 4.1 establishes that a
and a(-) can be consistently estimated by a and &(-), while B, F, and §(-) can be
consistently estimated by B, F, and B(), respectively, up to a rotational transformation.
This consistency holds as long as J — oo under both large N and either fixed or large
T. Notably, the large J requirement differs from Fan et al. (2016a). This distinction
highlights the importance of controlling sieve approximation errors in «(-) and /3(-)
to ensure consistent estimation of F. Appendix D.4 illustrates how misspecifications
in a(-) and B(-) can result in inconsistent estimation of F', motivating the need for a

specification test, which is addressed in Section 4.3.

Additionally, Theorem 4.1 shows that the estimators achieve fast convergence rates.
In particular, F' attains the optimal rate 1/N when () and S(-) are sufficiently smooth
(i.e., k is sufficiently large). This implies that the nonparametric modelling of «(-) and
B(+) do not degrade the convergence rate for estimating F', as long as the smoothness
conditions are satisfied. This result is crucial for developing the specification test for a(-)
and f(+) in Section 4.3, and also important for utilizing Fin subsequential asset pricing

tests of Section 5.2. Notably, if the functional forms of a(-) and §(-) are known and
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correctly specified, sieve approximation errors can be avoided, and the asymptotic results
hold for a fixed J. Theorem 4.1 allows for weak dependence of the errors {e;}i<nt<T

over both ¢ and ¢, which is relevant in asset pricing.

Let @ = ¥, ¥ Y0y ftT Qi E[¢(zit)d(2is)'| xQ5 ' Eleqeis]/NT, where fl =
(1, (fr — f)) and Q; = SN, E[¢(zit)¢d(2i)']/N. This defines a variance-covariance
matrix, which appears in the asymptotic distributions of & and B.

Theorem 4.2. Suppose Assumptions B.1-B.6 hold. Let & and B be given in (10).
Assume (i) N — oo; (ii) T > K + 1; (iii) J — oo with J?¢%log J = o(N). Then there
is a JM x (K 4 1) random matriz N with vec(N) ~ N(0,Q) such that:

i VNT VTJ 5 /TElog"t
IVNT(a — a) - Ga|| = O, ( 7 TN TN N1/4

and

— VNT T 5/6 \/JE;log!/*
H NT(B_BH)_GB|’F:OP< J J JE; log J>,

JE \/N + Nl/ﬁ N1/4

where k > 1/2 is a constant representing the smoothness of a(-) and 5(-), Gg = (Lynm —
BHH'B')(N; —GpH ' f) — BHG'za, and Gg = NoB'BM. The matrices H and M are
nonrandom, as given in Lemma C.15, while Ny and Ny are the first column and the last

K columns of N, respectively.

Theorem 4.2 establishes a strong approximation, demonstrating that (\/ﬁ(& —
a),V/NT(B — BH)) can be well approximated by a normal random matrix (G4, Gp).
Specifically, the difference between them converges in probability to zero under the
conditions T' = o(N), NT.J 2% = 0(1), and J = o(min{N'/®, N/T}). Since the dimen-
sions of v NT(& — a) and \/W(B — BH) grow with N, rendering the classical central
limit theorem inapplicable, we employ Yurinskii’s coupling to establish this strong ap-
proximation. This approach accommodates weak temporal dependence in the errors
{€it}i<nt<r. Furthermore, the result can be readily extended to allow for cluster-type
dependence across i in the errors {e;; }i<n ¢<7; see the discussion following Assumption
B.6. Notably, distributional results of this kind are not provided in Fan et al. (2016a).

4.2 Weighted Bootstrap

We develop a weighted bootstrap approach to estimating the distribution of (G,,Gp).

Let {w;}i<n be a sequence of i.i.d. positive random variables, with Efw;] = 1 and
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var(w;) = wo > 0. For instance, the w;’s can be drawn from a standard exponential
distribution, where wg = 1. To preserve the time dependence, we assign the same
weight w; to all observations over t. Define ®(Z;)* = (¢(z11)w1, ..., ¢d(zne)wn)’ and
Y = (®(Z)"®(Z;)) " ®(Z;)*Y;, which is the bootstrap version of Y;. To define the
bootstrap estimators of a and B, let Y* = (Y{,...,Y;) and v* = ST V*/T. The

bootstrap estimators are given by:
B* = V*MpE(F' MpF) ™" and &* = Iy — B*(BYB*) "' B*)Y*, (17)

which mimic the original estimators: B = Y MpF(E'MpF)™' and a = (I —EB’)? =
(I;m — B(B'B)"'B')Y. We propose estimating the distribution of (G4, Gp) by the
distribution of (v/NT/wg (&* — &), /NT [wo(B* — B)) conditional on the data.'?

The bootstrap procedure can be easily adapted for unbalanced panels. The key step

is obtaining }7;* For balanced panels, we write:

~ N -1 N
Y= (Z ¢(Zit)¢(zit)/wi> > d(zit)yirws. (18)
im1 )

In unbalanced panels, we adjust by taking the sums over the ¢’s for which both z;; and y;;
are observed at time period t. This effectively replaces missing data with zeros, making
the procedure identical to the balanced case. The asymptotic results established below
remain valid as long as as min;<r N; — oo, where N; represents the sample size at time
period t. Moreover, the bootstrap can easily accommodate cluster-type dependence

across ¢ by assigning the same weight within each cluster.

Theorem 4.3. Suppose Assumptions B.1-B.7 hold. Let a, B, a*, and B* be given in
(10) and (17). Assume (i) N — oo; (ii) T > K+1; (iii) J — oo with J2¢%log J = o(N).
Then there is a JM x (K + 1) random matriz N* with vec(N*) ~ N(0,Q) conditional
on {Ys, Zi }1<1 such that:

o VNT VTJ J5S /T logh4 ]
I\/NT /wola —a)—GaH:Op*( I I VL GV

13 A more natural bootstrap estimator for B is given by the eigenvectors of ?*MTY*’/T corresponding
to its first K largest eigenvalues. However, the approach generally fails due to rational transformation
matrices; see Appendix D.5 for discussion.
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and

> By G VNT  VTT 5 Tl
I/ NT fwo(B —B)—GBHFOp*( YN TNs T N )

where p* is the probability measure with respect to {w;}i<n conditional on {Yy, Zi}i<T,
k > 1/2 is a constant representing the smoothness of a(-) and B(-), G} = (Ijn —
BHH'B')(N; —GyH ™' f) — BHGa, and G = N5B'BM. The matrices H and M are
nonrandom, as given in Lemma C.15, while N and N5 are the first column and the last

K columns of N*, respectively.

Theorem 4.3 demonstrates that the distribution of (G4, Gp), which aligns with the
distribution of (G, G%), can be approximated by the distribution of (/NT/wo(a* —
a), /NT Jwo(B*— B)) conditional on the data, under the conditions T = o(N), NTJ 2%
= o(1), and J = o(min{N'/® N/T}). Theorems 4.2 and 4.3 can then be directly applied
to conduct significance tests. To test whether a(-) = 0, we compare NTéa'a with the
1—a quantile of NT'(a*—a)'(a* —a)/wo conditional on the data for 0 < o < 1. Similarly,
we can test whether each component of ¢(z;;) is significant in a(z;), which is equivalent
to testing whether the corresponding element of a is zero. We can also test the joint
significance of each component of ¢(z;;) in (z;), which corresponds to testing whether

the associated row of BH is zero.

4.3 Specification Test
To test for linearity of a(-) and S3(-), we consider the following hypotheses:

Ho : a(zit) = 7'z and B(z;) = [z for some v and T versus

H; : ingHoz(zit) —7'zy*] > 0 or iIﬁfE[Hﬁ(zit) —TI'z4]1?] > 0. (19)

We develop a test by comparing the estimators under Hy and H;. The estimators of a(+)
and §(-) under H; are given by G(-) and B(-), as defined in (10). Let Y; = (Z/2,)~'ZlY,,
Y = (Y1,....Y7),and Y = 3.1 V,/T. The estimators of ov(zy) and (3(z;) under Hy
are given by 4'z;; and V2, where [' = }7‘MT}A?(Z:”MTF)*1 and 4 = Y -1 Ethl ﬁt/T.14

11t is crucial to use the unrestricted estimator F' in both I and 4, rather than the restricted one under
Hy. This ensures that f"zit and B(zit) share a common rotational transformation matrix, justifying
the validity of the test. It also avoids the full-rank requirement for I". Thanks to the optimal rate of
F established in Theorem 4.1, this does not cause an issue.
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Our test statistic is given by:

R 1
'Y/Zzt - Zzt | + - 7 Z Z ”F/Zzt - Zzt)H2' (20)

i=1t=1 i=1t=1

c/;
Hz
b_ﬁ S

To obtain critical values, we adopt a bootstrap method. Let }7;* =(Z"Z,)"'Z'Y,,
Y+ = (}71*,,}7;), and Y* = Zthl Y;*/T, where Z; = (zywi1, ...,zyvewn)’. Tt is
shown in the proof of Theorem 4.4 that under Ho, S = SN, ST |(5 — 7) 2z — (4 —
a) ¢(zi) 2/ T+ XN, S (@ =TH) 24 — (B — BH) ¢(2i0) ||/ + 0,(J~/2). Given this,
we estimate the null distribution of S by the distribution of

N T R R .
Do IE =Yz — (B — B olzn) | (21)

conditional on the data. Here, ' = Y*MpE'(F'MpE)~! and 4* = l:/*—f*(é*’é*)_lﬁ’*’{/*.
For 0 < a < 1, let ¢1_, be the 1 — a quantile of S* conditional on the data. Thus, we

construct the test as follows: reject Hy if S > ¢1_q4.

Theorem 4.4. Suppose Assumptions B.1-B.8 hold. Let S be given in (20) and ci1—q
be given after (21) for 0 < o < 1. Assume (i) N — oo; (i) T > K + 1; (1i) J — o0
with J2¢2log J = o(N). In addition, assume T = o(N), J = o(min{N'/® N/T}), and
NTJ=2% = o(1), where k > 1/2 is a constant representing the smoothness of a(-) and

B(+). Then

P(S > ¢1—q) = « under Hy and P(S > ¢1—) — 1 under Hy.

5 Empirical Analysis

Our empirical analysis is based on the model specified in (1). Following standard practice
in asset pricing, we depart from the notation used in previous sections and denote
characteristics observed at time ¢ — 1 as z;;—1 instead of z;. We begin by estimating
the model and evaluating its overall performance, and then assess the performance of
the extracted factors. The primary objective of our analysis is to investigate whether
pricing errors are associated with characteristics and to evaluate the performance of our

factors in asset pricing tests.
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5.1 Data and Methodology

We use the same dataset as Kelly et al. (2019), which is originally from Freyberger
et al. (2020). The dataset contains monthly returns of 12, 813 individual stocks and 36
time-varying characteristics, covering the sample period from July 1962 to May 2014.
The data is in the form of an unbalanced panel, for which our method is applicable.
For the detailed descriptions, refer to these papers. To ensure comparability, we use
the same 36 characteristics as those authors. Following the procedure in Kelly et al.
(2019), we transform the values of the characteristics into relative rankings within the
range [—0.5,0.5]. This transformation standardizes the contributions of characteristics
to pricing errors and risk exposures such that the estimation only depends on the rank-
ings of characteristics and is robust to extreme values, sharing the similar logic with the
sorting procedure as in Fama and French (1993, 2015). To meet the large N requirement,
we select a sample period during which at least 1,000 individual stocks have observa-
tions for both returns and the 36 characteristics. This results in a sample spanning from
September 1968 to May 2014. Based on this dataset, we construct the market factor
and five long-short factors following Fama and French (2015). These factors exhibit
close means and standard deviations and show high correlations with the corresponding

factors from Kenneth R. French’s website, as shown in Table F.I.

We implement regressed-PCA estimation by selecting the basis functions to be either
linear (i.e., ¢(zit) = zi including a constant term) or non-linear (via linear B-splines
of z;).15 Using ¢(zit) = 2y leads to linear specifications of a(-) and B(-), while setting
¢(zit) as linear B-splines of z;; results in nonlinear specifications of a(-) and 5(-), where
a(+) and B(-) are continuous, piecewise linear functions.'® For ease of comparison, we
maintain the same parameter dimension across different specifications. Specifically, we
consider 18 characteristics with one internal knot and 12 characteristics with two internal
knots in the linear B-splines specifications. The most significant 18/12 characteristics
are selected based on the linear specification, which are collected in Table F.II. To
implement the weighted bootstrap, we let the bootstrap weights w;’s be i.i.d. random
variables following the standard exponential distribution. For testing a(-) = 0 and

linearity of a(-) and 3(-), we set the number of bootstrap draws to 499.

5 Qur econometric theory accommodates a variety of basis functions, such as Fourier series, polynomials,
splines, and wavelets. Following Gu et al. (2020) and Freyberger et al. (2020), we employ splines due
to their flexibility, which arises from increasing the number of knots. Unlike polynomials that require
a higher degree for flexibility, splines generally produce more stable estimates (Hastie et al., 2011).

5 The one dimensional linear B-splines {1); (z)};’zl are defined over a set of consecutive, equidistant knots:
{21, 2741} For j < J,9;(2) = (2 — 2;) /(2541 — 2;) on (25, z41], ¥;(2) = (zj42 — 2)/ (2542 — 2j+1)
on (241, zj+2], and 0 elsewhere. For j = J, ¢;(2) = (z — 2z;)/(2j+1 — 2;) on (zj, zj+1] and 0 elsewhere.
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In order to evaluate the performance of the models estimated via regressed-PCA,
we compute several measures of fit and prediction. First, we calculate Fama-MacBeth
cross-sectional regression R?, denoted as R%, which captures the variation in individual
stock returns explained by the Fama-MacBeth managed portfolios Y; constructed from
¢(zit—1). Next, we report the variation in these managed portfolios explained by the
extracted factors f;, denoted as R2%.. We then consider the following three types of R?
measures that directly speak to the ability of the factor models to explain the cross-
section of individual stock returns. The first measure (denoted as R?) is total R? as used
in Kelly et al. (2019). The second measure (R2T ) calculates the cross-sectional average
of time series R? across all stocks, which reflects the ability of the factors to capture
common variation in stock returns. The third measure (R?VI) computes the time-series
average of cross-sectional goodness-of-fit measures, approximating the Fama-MacBeth
cross-sectional regression R2. This measure is particularly relevant for evaluating the
model’s capacity to explain the cross-section of average returns. The measures are

defined as follows:!”

Sialyit — 6(zig—1) — Blzig—1) fil?

R*=1- , 292
Zi,t yi2t ( )
1 Silyie — @lzis1) — Blzig1) fi]?
R2 =1—= = 14 > 2 s 23
T,N N ; Zt yZQt ( )
1 Yilyie — d(zig—1) — Bzig—1) fil?
R}, =1—— : : : . 24
T T Zt: > y7j2t 24

We also report a version of these goodness-of-fit measures that zero in on the role of
factors in explaining the time-series as well as the cross-section of stock returns, by ex-

cluding the conditional alphas &(z;+—1); see (F.1)-(F.3) for the corresponding formulas.

Finally, we assess the out-of-sample prediction and fit using expanding-window es-
timations. For ¢t > 120, we use the data up to time period ¢ — 1 to implement the
regressed-PCA and obtain estimates such as a;_1, By_1, di—1(+), Bt—l('), and F,_; =
( fl(t_l), ey ft(i_ll))’ . Using these, we compute the out-of-sample prediction of y;; as
Gr—1(zig—1) + Bt,l(zi,t,l)’ﬁt, where \; = ds<to1 fgt_l)/(t — 1), which is the average of

factor estimates through time period ¢ — 1. The out-of-sample predictive R? is:

Siis120lWit — Q-1(Zig-1) — Bio1(zig—1)'\i]?
>it120 Vi

Ry =1- ; (25)

Y The differences among the three R?’s are provided in Appendix D.6.
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see (F.4)-(F.6) for another two versions. We calculate the out-of-sample realized factor
returns at time period t as: fi 1, = B Vi = Bl_(®(Zi_1)'®(Z;_1)) ' ¥ (Z;_1)Ys.
Although the resulting factor returns are only known ex post at time period ¢, they
represent returns on portfolios that are constructed ex ante, using weights based on
estimates obtained at time period ¢ — 1. Using these, we can access how much of
the cross-sectional variation of individual stock returns can be explained by the pre-
estimated Bt_l(zi,t_l). We then define the out-of-sample fit R? as:

Yiis120lWit — Be—1(zip—1) fr—1.4)?
Zi,t2120 yizt

Rio=1- ; (26)

see (F.7)-(F.9) for another two versions.

5.2 Empirical Results

5.2.1 Model Estimation

The main findings presented in Tables I-III can be summarized as follows. First, all of
our measures of fit indicate that a low-dimensional factor model is unlikely to explain the
time-series—or the cross-section—of individual stock returns (rather than the managed
portfolios). In all specifications at least 5 or 6 factors are required for most of the in-
sample R-squared to exceed 10%. That said, the total in-sample R?’s in our model are
smaller than those of Kelly et al. (2019). This is not surprising, since the objective of
their IPCA estimation is maximizing the total in-sample R2, as discussed in (13). We
extract factors that capture the most time-series comovement within a set of portfolios,
which, in turn, reflect the most cross-sectional variation in individual asset returns. In
contrast, our out-of-sample R%’s are 0.54% for the linear specification and 0.59% and
0.57% for the two nonlinear specifications,'® which are comparable to the 0.60% in Kelly
et al. (2019)’s linear specification with six factors. Similarly, the out-sample-sample fits
are close to those of Kelly et al. (2019). With six factors, the out-sample-sample R%O’s
are 15.38%, 16.20%, and 16.16% for the three specifications, which are comparable to the
17.80% in Kelly et al. (2019). Moreover, all in-sample and out-of-sample fits improve
as the number of factors increases, as factor loadings soak up more of the variation

in managed portfolio returns that is otherwise attributed to the alphas. In addition,

B0Our out-of-sample predictive R*’s are invariant to the number of factors,~because Ge—1(2i,6—1) +
5t_1(zi7t_1)')\t = ¢(Zi,t—1)/[dt—1 + Bt_lFt/_llt_l/(t — 1)] = ¢(zi7t_1)/ 22;11 )/t/t — 1, which does not
depend on K.
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compared to the linear specification, the nonlinear specifications based on linear B-
splines significantly improve both in-sample and out-of-sample fits in most cases. They
also slightly enhance the out-of-sample predictive R?’s. Both the improved fits and

robustness highlight the advantage of the nonlinear specifications.

Second, the results of testing the linearity of «(-) and f(-) explain why we observe
lower R?’s in the linear specification. Linearity is strongly rejected at the 1% level
in all factor models estimated with one to ten factors (Tables I-III report the p-values
concisely to save space, all of which indicate rejection at the 1% level). Moreover, we also
find robust evidence rejecting the null hypothesis a(-) = 0 across all cases. Additional

empirical results are provided in Appendix F (see Tables F.III-F.V).

Before analyzing the contribution of each characteristic to pricing errors and risk
exposures, we first determine the signs of the extracted factors. Under the normalization
B'B = Ik and F'MpF/T being diagonal with descending diagonal entries, the signs of
the factors remain undetermined. To address this, we set the sample means of the factors
to be positive, ensuring the unconditional risk premium on each factor is positive. To
interpret the factors, we examine their correlations with the market factor and five long-
short factors from Kenneth R. French’s website as discussed in Table F.I, and conduct
projection regressions, as detailed in Appendix F (see Tables F.VI-F.XII). We find the
substantial correlations between these factors and our factors, with both sets explaining

significant variations in each other.

Figures 1 and 2 illustrate the contribution of each characteristic to pricing errors and
risk exposures under the linear specification. Figure 1 reveals that the 95% confidence
intervals of characteristic coefficients in pricing errors remain relatively stable as the
number of factors increases from one to six. Notably, 22 out of 36 characteristics remain
significant at the 5% level for K = 6, in stark contrast to the results reported by Kelly
et al. (2019). Figure 2 displays the characteristic coefficients in risk exposures for the
first six factors. In contrast to Kelly et al. (2019)’s finding that 13 out 36 characteristics
are significant in driving risk exposures, we find 24 significant characteristics for K = 6.
Specifically, the coefficient of “market cap” in the first factor is negative and large in
magnitude; the fourth and sixth factors exhibit substantial positive loadings on “market
beta” (i.e., “beta”); the second and fifth factors display significant positive loadings on
“book-to-market ratio” (i.e.,“bm”). These findings align with the traditional views of
asset pricing anomalies as discussed in Fama and French (1993, 2015). More results for

the two nonlinear specifications are provided in Appendix F (see Figures F.1-F.4).

Taking advantage of the fact that our regressed-PCA method does not require a large
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time dimension (77), we perform subsample analyses using five-year intervals starting in
January 1970. Figure 3 presents the key results. The left panel shows that average
pricing errors (measured by |/a||?) under the nonlinear specifications are significantly
smaller than those under the linear specification. For the linear case, average pricing
errors are the highest during the initial subsample period (1970-1974), decline over time,
rise again during the equity market “boom” of the 1990s, peak in the early 2000s, and
then drop sharply. Under the nonlinear specifications, the patterns differ somewhat, with
average pricing errors spiking around 1990-1994 and subsequently decreasing to levels
comparable to those in the linear case by the end of the sample period. This decline
may reflect the growing prevalence of quantitative investing, which reduces mispricing by
exploiting characteristic-related anomalies, as suggested by McLean and Pontiff (2016)
and Green et al. (2017).

The right panel of Figure 3 illustrates the proportion of time-series and cross-
sectional variation in stock returns explained by common factors (measured by R?ﬂﬂ N
and R% N’T), which appears similar across model specifications. Notably, all the reported
R? measures decline from 1970, reach a trough in the mid-1990s, and then steadily rise
until the sample ends in 2014. This observation aligns with the empirical findings:
Campbell et al. (2001) document a noticeable increase in firm-level volatility between
1962 and 1997; while extending this analysis to 2021, Campbell et al. (2022) find that
idiosyncratic volatility declined after peaking in 1999-2000. Similar trends are evident

in the out-of-sample fit measures shown in Figure F.5.

5.2.2 Trading Strategies

We construct trading strategies based on our estimated models. While constructing the
MVE portfolio on individual stocks is usually infeasible due to the challenge in estimat-
ing a high-dimensional covariance matrix, the model in (1) enables us to devise trading
strategies by leveraging the alpha (i.e., mispricing) and beta (i.e., risk) roles of charac-
teristics. Specifically, the initial step of the regressed-PCA method (i.e., Fama-MacBeth
regressions) reduces a large number of individual stock returns into a smaller set of
characteristic-managed portfolios. These portfolios exhibit a classical factor structure
as outlined in (9), facilitating the construction of a pure-alpha strategy and an MVE

factor portfolio.

By (9) and Theorem 4.1, @'Y; & ||a||? for each t as N — oo, implying that a'Y;

represents a portfolio with positive returns (if @ # 0) and no risk asymptotically. Using
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the expanding-window procedure in Section 5.1, we construct a pure-alpha “arbitrage”

portfolio for £ > 120 as follows:
Vi = ) (D(Zet) D (Z1) " D (Zer) Vi (27)

This portfolio can be equivalently constructed from individual stocks by using weights
D(Zi—1)(®(Zi—1)'®(Z;—1)) taz—1. Since R, relies on estimates obtained at time period
t —1, it is tradable (ex ante), while @'Y; is based on full-sample estimates. We consider
R ¢, the out-of-sample version of @’ Y;, and refer to their Sharpe ratios as the out-of-

sample and in-sample Sharpe ratios of the pure-alpha portfolio, respectively.

Similarly, we construct the out-of-sample version of f; = B'Y; as ft_l,t = Eé_lﬁ,
which has been introduced in (26). This enables the construction of an MVE factor

portfolio based on the same expanding-window procedure: for ¢ > 120,
Rgp = 1S foore = 11 By (9(Z1) ®(Z1)) 7' (Zi-)Ys, (28)

where fi;_; and 3,_; are estimates of the (conditional) mean and covariance matrix of
f; at time period t — 1.19 Weights for Rpg; can also be derived from and applied on
individual stocks, making it tradable. The in-sample counterpart of Rg; is i/ 51 ft,
where fi and 3 are the full-sample estimates of the (unconditional) mean and covariance
matrix of f;.?Y Their Sharpe ratios are referred to as the out-of-sample and in-sample

Sharpe ratios of the MVE factor portfolio, respectively.

We further combine R,; and ftq,t to form a set of K + 1 factor portfolios, con-
structing an MVE portfolio following the procedure outlined for Rg;. The in-sample
counterpart is derived from a'Y; and ft The resulting Sharpe ratios are referred to as the
out-of-sample and in-sample Sharpe ratios of the combined MVE portfolio, respectively.
By imposing a factor structure on the conditional covariance of individual asset returns
as in (1), the combined MVE portfolio provides an approximation to the stock market’s
MVE portfolio. Tables IV and V present the annualized in-sample and out-of-sample
Sharpe ratios for the pure-alpha, MVE factor, and combined MVE portfolios. In all
subsequent tables, “Regressed-PCA” denotes the results under linear specifications of
a(-) and B(-) with 36 characteristics, while “Regressed-PCA S1” and “Regressed-PCA
S2” correspond to nonlinear specifications with 18 and 12 characteristics, respectively.

“IPCA” represents the results based on the linear specification using IPCA estimations

8pecifically, fu—1 =Y, f&'V/(t=1)and S 1 =3, (FTY = pe ) (Y = ) /(- 2).
208pecifically, 1 = ZSST fs/T and 3 = ZSST( s — ) (fs — ) /(T —1).
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with the same 36 characteristics.

Two remarks are essential for understanding Tables IV and V. First, the in-sample
Sharpe ratio of our MVE factor portfolio increases with K, whereas that of IPCA’s
MVE factor portfolio may not. This reflects the stability of our factor construction
approach compared to IPCA, in particular the inherent orthogonality of regressed PCA
factors (see Section 2.3). We report the out-of sample Sharpe ratio of each incremental
regressed PCA factor in Table V along with the pure-alpha and MVE portfolios, but
we do not report individual Sharpe ratios for IPCA factors as they are not incremental,
since all of the factors are estimated jointly for each K. Second, for our regressed-PCA
approach, the squared in-sample Sharpe ratio of the combined MVE portfolio equals
the sum of those of the pure-alpha and MVE factor portfolios as the two are orthogonal
by construction.?! As a result, the in-sample Sharpe ratios of the pure-alpha and MVE
factor portfolios are identical to their respective contributions to the combined MVE
portfolio and are omitted in Table IV. Similarly, the out-of-sample Sharpe ratio of our
MVE factor portfolio equals its contribution to the combined MVE portfolio, which is
also omitted in Table V. The orthogonality property does not hold for IPCA, highlighting

another advantage of regressed-PCA.

The main findings are summarized as follows. First, under the linear specification,
we compare the Sharpe ratios of the pure-alpha and MVE factor portfolios constructed
based on regressed-PCA and IPCA, separately. As K increases, the Sharpe ratio of our
pure-alpha portfolio remains high (in-sample: 3.89 to 4.50; out-of-sample: 3.18 to 3.84),
while that of the MVE factor portfolio is comparatively low (in-sample: 0.65 to 0.89;
out-of-sample: 0.44 to 0.72). The observed increase in the Sharpe ratio of the pure-
alpha portfolio as K grows suggests that factors play a crucial role in hedging common
variation in stock returns, reducing the volatility of the pure-alpha portfolio at a rate
exceeding the decline in alphas. The findings also align with the testing evidence of
nonzero pricing errors in the linear specification found in Section 5.2.1, reinforcing our
conclusions. While the Sharpe ratios of IPCA’s pure-alpha and MVE factor portfolios
are more comparable (in-sample: 1.61 to 3.13 vs. 1.07 to 2.85; out-of-sample: 1.31 to
2.84 vs. 0.92 to 1.72), the former is higher than the latter. Table V also shows that the
higher Sharpe ratio of our pure-alpha portfolio compared with IPCA’s is due to its low
volatility, consistent with the idea of no risk asymptotically. The lower volatility of our

pure-alpha portfolio underscores the superior hedging properties of our factors. Notably,

*'This follows from 23:1 a' (Y, — lzf)ft/T = B'YM7Y'a/T = AB'a = 0, where A is a diagonal matrix
with diagonal entries being the large K eigenvalues of Y MrY’ JT.
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regressed-PCA consistently yields higher in-sample and out-of-sample Sharpe ratios for
the combined MVE portfolio than IPCA across all K. This indicates that the combined
MVE portfolio constructed with regressed-PCA better approximates the stock market’s
MVE portfolio compared to IPCA. In particular, the high Sharpe ratios of the combined
MVE portfolio primarily arise from the high Sharpe ratios of the pure-alpha portfolio.
The better approximation is also attributed to the stability and orthogonality properties

of our regressed-PCA as discussed above.

Second, the nonlinear specifications yield higher in-sample and out-of-sample Sharpe
ratios for the MVE factor and combined MVE portfolios than the linear specification
across all values of K (except K = 1 in Regressed-PCA S2 of Table IV). As K increases,
the Sharpe ratio of the pure-alpha portfolio under the nonlinear specifications falls
below that under the linear specification, indicating that nonlinear models yield smaller
magnitudes of pricing errors. Meanwhile, the nonlinear specifications also yield better
factors, reflected in higher Sharpe ratios of the MVE factor portfolio (in-sample: 0.61 to
3.96; out-of-sample: 0.51 to 3.33) than the linear specification (in-sample: 0.65 to 0.89;
out-of-sample: 0.44 to 0.72). More importantly, the Sharpe ratios of the combined MVE
portfolio from the nonlinear specifications are substantially higher than those from the
linear specification, implying the potential nonlinearity of stochastic discount factor in
the U.S. stock market. Similarly, the high Sharpe ratios of our combined MVE portfolio
are primarily derived by the pure-alpha portfolio for K < 5, the Sharpe ratios of the
MVE factor portfolio catch up and become comparable for larger K. Nevertheless, the
Sharpe ratios of our pure-alpha portfolio remain consistently high (in-sample: 3.47 to
4.80; out-of-sample: 3.09 to 4.26) compared with those of the MVE factor portfolio (in-
sample: 0.61 to 3.96; out-of-sample: 0.51 to 3.33), providing strong evidence of nonzero
pricing errors. This finding corroborates the evidence of nonzero pricing errors presented
in Section 5.2.1. All these findings align with the strong evidence of nonlinearity found

in Section 5.2.1 and underscore the advantage of the flexible nonlinear specifications.

Lastly, we perform a subsample analysis of the pure-alpha strategy, using five-year
intervals starting in January 1970. Within each subsample, we construct the pure-alpha
“arbitrage” portfolio defined in (27), employing expanding window estimation from the
second year onward. The key results are presented in Figure 4. Notably, the left panel
of Figure 4 displays the decline in Sharpe ratios of the portfolio, and the right panel
indicates that the decline is primarily driven by a reduction in the portfolio’s average
returns, rather than an increase in its standard deviations. This is consistent with the

findings in Figure 3, where we observe a significant decline in pricing errors since 2000.
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In summary, we provide further evidence supporting the findings of nonlinearity and
nonzero pricing errors, as well as their significant decline over time in Section 5.2.1.
This section also reinforces the advantages of regressed-PCA. It is important to note
that while nonzero pricing errors are observed, they do not necessarily imply market

inefficiency unless the possibility of model misspecification is ruled out.

5.2.3 Asset Pricing Tests

We now evaluate the performance of our factors in asset pricing tests, considering a broad
class of testing portfolios. Specifically, we examine three groups of Fama-MacBeth man-
aged portfolios: Regressed-PCA, Regressed-PCA S1, and Regressed-PCA S2, as well
as TPCA’s managed portfolios. Additionally, we include two groups of single sorted
portfolios based on 55 characteristics from Haddad et al. (2020) and our 36 character-
istics, along with several groups of double sorted portfolios following Fama and French
(2020). Table F.XIII reports the bilateral correlations and standard deviations of these
portfolios. The Fama-MacBeth managed portfolios exhibit lower bilateral correlations
than others, and smaller standard deviations compared to the sorted portfolios. This
supports the optimality of the Fama-MacBeth managed portfolios, which are maximally

diversified, as discussed in Section 3.

We compare our factors with several existing sets: IPCA’s factors, the five factors
from Fama and French (2015) (denoted as FF5), and the factors constructed following
Kozak et al. (2018) (denoted as KNS). The comparison statistics from time series re-
gressions are reported following the analysis in Fama and French (2020). The results for
five groups of testing portfolios with K = 5 are presented in Tables VI and VII, with
additional results provided in Appendix F (see Tables F.XIV-F.XXIII).

The main findings are summarized as follows. First, for the Fama-MacBeth man-
aged portfolios in Group I, both our factors and IPCA’s factors outperform FF5 and
KNS’s factors in terms of average absolute intercepts (Ala|). They also achieve larger
average regression R?’s (AR?), leading to smaller average standard errors (As(a)). The
resulting average absolute t-statistics (Alt(a)|) and GRS statistics (GRS) are compa-
rable across all factors. Notably, our factors under the nonlinear specifications do not

improve performance, as the testing portfolios are derived from the linear specification.

Second, our factors consistently outperform IPCA’s factors in pricing the sorted port-
folios in Groups II, ITI, V, and VI, as evidenced by smaller average absolute intercepts,
t-statistics, and GRS statistics. The higher average absolute t-statistics and GRS statis-
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tics for IPCA’s factors arise from their larger average regression R?’s (or smaller average
residual standard deviations (As(e)) or standard errors). To investigate this, we project
IPCA’s factors onto our factors under the linear specification (without a constant term)
and treat the resulting residuals as new factors (denoted as IPCA\Regressed-PCA).
These residuals yield even larger average absolute intercepts and substantial average
regression R%’s, indicating that IPCA’s factors capture more time-series variation in
returns but less cross-sectional variation, likely due to overfitting idiosyncratic noise
rather than extracting true signals. This overfitting is much less pronounced in Group
I, as the Fama-MacBeth managed portfolios are maximally diversified, unlike the sorted

portfolios, as discussed in Section 3 and shown in Table F.XIII.

Third, our factors under the nonlinear specifications significantly reduce average ab-
solute intercepts and t¢-statistics for sorted portfolios. This improvement stems from the
nonparametric nature of sorting, as discussed in Section 3.1. However, due to the high
correlations among sorted portfolios, as shown in Table F.XIII, no noticeable improve-
ment in GRS statistics is observed. Moreover, factors under the nonlinear specifications
with 12 characteristics outperform FF5, yielding smaller average absolute t-statistics and
GRS statistics, with comparable average absolute intercepts. The higher ¢-statistics and
GRS statistics for FF5 also arise from their larger regression R?’s, suggesting the pres-
ence of unpriced components similar to IPCA’s factors (Daniel et al., 2020; Kozak and
Nagel, 2023). Moreover, our factors also outperform KNS’s factors, achieving smaller

average absolute intercepts and t-statistics.

Lastly, for IPCA’s managed portfolios in Group IV, IPCA’s factors exhibit infe-
rior performance compared to other factors, with larger average absolute intercepts,
t-statistics, and GRS statistics. This finding is surprising given that IPCA factors are
derived from its managed portfolios. As the testing portfolios are derived under the lin-
ear specification, our factors under the linear specification outperform those under the
nonlinear specifications. The performance of our factors under the linear specification is
comparable to FF5 and KNS’s factors. In addition, the performance comparisons based
on relative metrics (e.g., Aa?/V7 or AN?/V7) align with those based on absolute metrics

(Alal), reinforcing the robustness of our results.

In summary, our factors demonstrate superior performance compared to IPCA’s
factors and long-short factors in asset pricing tests, with robustness across a wide range

of testing portfolios.
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6 Conclusion

In this paper, we considered semiparametric conditional latent factor models to address
the “characteristics versus covariances” debate and the “factor zoo” problem in cross-
sectional asset pricing. We proposed a simple and tractable sieve estimation approach
combined with a weighted-bootstrap procedure for conducting inference on the alpha
and beta functions. We established large-sample properties of the estimators and va-
lidity of the tests under large N, even when T is small. In addition to offering formal
inference procedures and well-founded asymptotic properties, our approach presents sev-
eral advantages over existing methods such as IPCA and projected-PCA. Specifically,
it is computationally efficient and accommodates nonzero alphas, time-varying char-
acteristics, unbalanced panels, and short samples, making it particularly suitable for
empirical asset pricing applications. These results enable the estimation of conditional
factor structures for a large set of individual assets by incorporating numerous charac-
teristics, accounting for nonlinearity without requiring pre-specified factors. Moreover,
our approach disentangles the role of risk from the purely predictive power of return

characteristics that is unrelated to common risk exposures.

We applied this method to analyze the cross-sectional differences in individual stock
returns in the U.S. market. The findings provide robust evidence of large nonzero pricing
errors and nonlinearity in both alpha and beta functions, leading to the formation of
“arbitrage” portfolios with exceptionally high Sharpe ratios (exceeding 3). Additionally,
we documented a significant decline in pricing errors since 2000. Our method delivers
stable and reliable factor construction without the risk of overfitting, yielding out-of-
sample mean-variance efficient portfolios with Sharpe ratios in excess of 4. We also
demonstrated that our factors outperform existing alternatives in explaining the cross-

section of U.S. stock returns.
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Table I. Results under linear specifications of a(-) and 3(-) with 36 characteristics’

Unrestricted (a(-) # 0)

K Ry R Rjy Ryry R} Riry Rinr Rio Rirno Binro

1 26.55 2.4 1.37 0.36 2.07 0.59 0.11 6.23 3.79 5.65
2 36.42 4.52 243 1.76  4.08 1.75 1.37 13.59 10.63 11.28

3 45.03 5.70 3.70 270 524 295 231 14.09 11.10 11.67
4 52.55 11.69 8.55 9.27 11.28 7.92 8.69 14.74 12.15 12.11
5) 58.650 11.90 8.73 948 1149 799 890 15.17 12.90 12.42
6 64.20 13.90 10.30 11.80 13.53 9.79 11.24 15.38 13.19 12.63
7 69.15 15.59 12.23 13.76 15.23 11.71 13.23 15.62 13.32 12.87
8 72.84 1593 12.59 1398 1556 12.00 13.44 15.90 13.58 13.12
9 76.26 16.08 12.67 14.19 15.72 12.15 13.64 16.13 13.83 13.33

10 79.15 16.23 12.82 14.35 15.87 12.34 13.80 16.29 14.06 13.47

K R%/ R?) R%,N,O R%\/,T,O Pa Plin

1-10 20.89 0.54 0.64 021 <1% <1%

T K: the number of factors specified; RZ: Fama-MacBeth cross-sectional regression R* (%);
R2%: the variation of the Fama-MacBeth managed portfolios Y; captured by the extracted
factors f; (%); R2, R% n, R p: various in-sample R*s (%), see (22)-(24); R}, R} p y,
Ry various in-sample R*’s without a(:) (%), see (F.1)-(F.3); R} o, R 7 n.0» R} N 10"
various out-of-sample fit R*’s (%), see (F.7)-(F.9); R, R7 y o, Ry 0 various out-of-
sample predictive R?’s (%), see (F.4)-(F.6); p, and pji,: the p-values of alpha test (a(-) = 0)
and model specification test (joint linearity of a(-) and 5(-)), respectively.
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Table II. Results under nonlinear specifications of a(-) and 3(-) with 18 characteristics’

Unrestricted (a(-) # 0)

K Ry R Rjy Ryry R} Riry Rinr Rio Rirno Binro

1 41.61 5.94 347 3.60 552 299 311 11.2v 781 8.93
2 09.06 9.56 6.17 6.91 9.18 5.67 6.33 14.04 11.31 11.29

3 64.47 10.42 6.78 796 10.03 6.27 738 14.64 11.93 11.95
4 68.99 13.83 10.26 11.52 13.40 9.80 10.90 1544 12.98 12.54
5) 72.33 14.32 10.73 1198 1391 10.29 11.38 15.78 13.43 12.89
6 75.35 14.7v1 10.97 1240 14.29 10.55 11.86 16.20 14.16 13.18
7 77.63 15.28 11.78 1299 14.84 11.27 1242 16.45 14.34 13.37
8 80.83 15.44 11.98 13.16 15.10 11.59 12.73 16.59 14.50 13.52
9 82.88 15.84 12.33 13.49 15.48 11.87 13.056 16.86 14.69 13.81

10  85.61 16.39 12.89 13.93 15.71 11.80 13.14 16.98 14.72 13.86

K R%/ R?) R%,N,O R%\/,T,O Pa Plin

1-10 21.11 0.59 0.64 028 <1% <1%

T K: the number of factors specified; RZ: Fama-MacBeth cross-sectional regression R* (%);
R2%: the variation of the Fama-MacBeth managed portfolios Y; captured by the extracted
factors f; (%); R2, R% n, R p: various in-sample R*s (%), see (22)-(24); R}, R} p y,
Ry various in-sample R*’s without a(:) (%), see (F.1)-(F.3); R} o, R 7 n.0» R} N 10"
various out-of-sample fit R*’s (%), see (F.7)-(F.9); R, R7 y o, Ry 0 various out-of-
sample predictive R?’s (%), see (F.4)-(F.6); p, and pji,: the p-values of alpha test (a(-) = 0)
and model specification test (joint linearity of a(-) and 5(-)), respectively.
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Table II1. Results under nonlinear specifications of a(-) and §(-) with 12 characteristics’

Unrestricted (a(-) # 0)

K Ry R Rjy Ryry R} Riry Rinr Rio Rirno Binro

1 4278 5.57 298 3.32 519 254 283 11.08 7.57 8.77
2 61.36 9.56 5.97 6.87 9.18 551 6.26 13.85 11.12 10.99

3 67.77 10.59 6.6 7.88 10.20 6.15 7.29 14.66 12.25 11.83
4 72.86 13.62 10.09 11.35 13.17 9.64 10.67 15.39 13.53 12.53
5) 76.92 14.14 10.43 12.01 13.73 10.01 11.48 15.82 13.94 12.90
6 80.63 14.94 11.45 12.75 14.42 10.51 12.05 16.16 14.20 13.22
7 84.29 15.17 11.59 1294 14.76 10.77 12.45 16.57 14.59 13.57
8 87.42 1545 11.87 13.23 15.26 11.47 1298 16.94 14.83 13.88
9 89.11 16.33 12.68 13.94 16.16 12.31 13.72 17.12 15.00 14.09

10 90.72 16.54 1291 14.17 16.38 12.54 13.95 17.30 15.19 14.29

K R%/ R?) R%,N,O R%\/,T,O Pa Plin

1-10 20.72 0.57 0.57 027 <1% <1%

T K: the number of factors specified; RZ: Fama-MacBeth cross-sectional regression R* (%);
R2%: the variation of the Fama-MacBeth managed portfolios Y; captured by the extracted
factors f; (%); R2, R% n, R p: various in-sample R*s (%), see (22)-(24); R}, R} p y,
Ry various in-sample R*’s without a(:) (%), see (F.1)-(F.3); R} o, R 7 n.0» R} N 10"
various out-of-sample fit R*’s (%), see (F.7)-(F.9); R, R7 y o, Ry 0 various out-of-
sample predictive R?’s (%), see (F.4)-(F.6); p, and pji,: the p-values of alpha test (a(-) = 0)
and model specification test (joint linearity of a(-) and 5(-)), respectively.
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Figure 1. 95% confidence intervals for coefficients in «(-) under linear specifications of
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a(+) and B(-) with 36 characteristics
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Figure 2. Estimates of coefficients in 3(-) under linear specifications of «(-) and j3(-)

with 36 characteristics (blue: significant at the 5% level; red: insignificant)
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Table IV. In-sample Sharpe ratios

Regressed-PCA  Regressed-PCA S1  Regressed-PCA S2 IPCA

K SR, SR; SRy |SR. SRy SRy | SRo SRy SRy | SRa SRy SRy SRua SRury

8¢

1 389 065 394|431 061 435 |3.67 066 3.73 |1.61 1.07 2.10 1.61 1.07
2 4.00 0.67 4.06 |4.76 0.68 481 |431 079 439 |1.98 136 2.22 1.98 1.36

3 4.02 067 4.08 | 4.78 073 4.84 | 432 080 439 |264 1.07 285 2.64 1.05
4 407 068 413 | 480 087 488 | 432 089 441 |3.13 1.07 3.32 3.13 1.03
5 410 0.69 4.15 |4.75 138 495 | 428 124 445 |3.00 1.11 3.21 3.00 1.07
6 4.19 0.72 425 | 471 163 498 | 3.90 225 451 | 257 199 3.20 2.57 1.97
7 437 0.80 444 | 469 1.69 499 |347 3.07 4.63 | 2.74 209 341 2.74 2.08
8§ 448 088 456 |4.16 295 5.10 | 3.72 3.74 528 | 250 285 3.69 2.50 2.84

9 449 089 458 | 4.07 3.11 5.12 | 3.74 3.75 529 | 241 2.77 3.56 241 2.76
10 4.50 089 458 | 3.78 396 548 | 3.78 3.76 534 | 240 285 3.62 2.40 2.84

—

K: the number of factors specified; SR,: annualized Sharpe ratios of &@'Yy; SRy: annualized Sharpe ratios of ﬂ’f] ft;

SRy annualized Sharpe ratios of the combined MVE portfolios on a'Y; and ft; SRy, annualized Sharpe ratios
of the component from a@'Y; in the combined MVE portfolios; SR s: annualized Sharpe ratios of the component

from ft in the combined MVE portfolios.



Table V. Out-of-sample Sharpe ratios |

Regressed-PCA IPCA

Mean Std SR, SRfK SRf SR SRM@ Mean Std SR, SRf SR SRM@ SRM,f

1.72 054 3.18 061 061 3.25 3.24 2.70 207 1.31 1.26 1.80 1.33 1.26
174 052 336 -0.12 055 3.39 3.38 238 141 1.69 1.44 2.20 1.87 1.54
177 050 356 -034 046 3.55 3.56 2.01 093 216 1.14 2.33 2.20 1.17
177 047 374 002 044 3.67 3.68 1.85 0.68 2.70 0.92 2.71 2.74 0.93
170 044 384 042 053 3.81 3.78 175 062 284 098 2.79 2.84 0.99
1.68 044 3.78 0.23 0.57 3.80 3.76 1.39 0.52 2.68 1.34 2.70 2.66 1.31
1.63 044 3.v3 060 0.68 3.76 3.69 1.33  0.52 2,57 1.42 2.61 2.52 1.34
1.61 042 379 024 072 3.80 3.74 1.22 050 244 149 2.67 244 1.43
1.61 042 380 -0.06 0.69 3.83 3.76 1.23 049 251 1.53 2.73 2.52 1.47
1.60 042 3.82 0.11 067 3.87 3.79 1.19 048 249 1.72 2.74 2.45 1.66

—
S © 0o ot h W =R

Regressed-PCA S1 Regressed-PCA S2

6¢

Mean Std SR, SRf,K SRf SRy SRpyo | Mean Std SR, SRf,K SRf SRy SRM,OL

246 069 354 051 0.51  3.57 3.52 3.29 099 333 054 0.54 3.27 3.24
239 057 422 018 053 4.16 4.13 3.01 0.80 3.78  0.47 0.70 3.77 3.72
236 057 417 045 0.64 4.13 4.08 294 080 3.69 0.51 0.78 3.75 3.64
219 053 412 08 1.04 421 4.08 297 078 381 -0.18 0.59 3.84 3.77
219 051 426 -0.03 093 4.29 4.21 298 0.76 391 -0.04 0.56 3.90 3.87
1.95 049 396 123 162 4.34 4.10 1.561 041 3.73 247 2.55 4.08 3.74
190 048 393 045 1.66 4.36 4.11 1.01  0.33 3.09 1.87 3.20 4.02 3.26
1.73 047 3.66 1.11 1.99 4.37 3.92 0.73 0.22 3.36 1.25 3.29 4.41 3.60
1.31 040 326 181 280 4.30 3.49 0.71 0.20 3.62 0.28 3.24 4.54 3.74
0.88 0.28 3.14 1.72 333 447 3.50 0.69 0.18 3.90 0.23 3.19 4.64 3.90

[y
S © oo oA W =R

K: the number of factors specified; Mean: annualized means of the pure-alpha portfolios R, ; in (27) (%); Std: annualized standard
deviations of Ra,; (%); SRo: annualized Sharpe ratios of R, +; SRy i: annualized Sharpe ratios of the Kth component in ft—1,t;
SRy: annualized Sharpe ratios of the MVE factor portfolios Rg, in (28); SRas: annualized Sharpe ratios of the combined MVE
portfolios on R, ; and ft,Lt; SRy, annualized Sharpe ratios of the component from R, ; in the combined MVE portfolios;
SRy, ¢: annualized Sharpe ratios of the component from ft_u in the combined MVE portfolios.
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Figure 4. Annualized realized excess returns and Sharpe ratios of the pure-alpha portfolio with K = 10: subsample analysis



Table VI. Comparing asset pricing tests: K = 5

Testing portfolios/Factors Ala|] Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh?(f) AR? GRS p(GRS)
Group I: Regressed-PCA’s 36 managed portfolios

1P

Regressed-PCA 0.40 3.40 0.64 0.61 0.13 293 257 0.04 28.93 34.89  0.00
Regressed-PCA S1 0.40 3.10 0.56 0.50 0.17 3.64 248 0.16 17.97 30.23  0.00
Regressed-PCA S2 0.43 3.28 0.59 0.53 0.17 3.73 271 0.13 16.08 33.86  0.00
IPCA 0.40 3.15 0.64 0.58 0.17 3.73  3.59 0.10 17.76 45.92  0.00
IPCA\Regressed-PCA 0.50 3.34 1.03 0.96 0.17 394 349 0.06 12.76 46.40  0.00
FF5 0.49 3.11 0.99 0.92 0.18 4.03 2.62 0.12 825 33.16 0.00
KNS 0.50 3.34 1.07 1.01 0.17 3.99  2.56 0.04 992 34.89 0.00
Group II: 100 sorted portfolios (double sort on Size and BM, OP, INV, and MOM)

Regressed-PCA 0.85 5.04 14.14 13.60 0.17 3.97 1.00 0.04 50.81 4.26 0.00
Regressed-PCA S1 0.57 3.21 6.71 6.13 0.18 3.89 1.27 0.16 52.33 4.85 0.00
Regressed-PCA S2 0.44 242 4.18 3.59 0.18 4.00 1.35 0.13 49.67 5.32 0.00
IPCA 0.90 11.07 16.08 15.93 0.09 196 4.56 0.10 86.75 18.38  0.00
IPCA\Regressed-PCA 1.09 5.62 23.32 22.56 0.20 4.61 1.87 0.06 36.19 7.81 0.00
FF5 0.41 4.81 3.55 3.39 0.09 2.05 1.76 0.12 86.91 6.98 0.00
KNS 0.96 6.25 17.25 16.82 0.16 3.55 0.92 0.04 59.83 3.96 0.00
Group III: 110 sorted portfolios (double sort on Size and Beta, Accruals, NI, and Variance)

Regressed-PCA 0.85 5.08 16.06 15.43 0.17 3.98 1.25 0.04 50.36 4.73 0.00
Regressed-PCA S1 0.55 3.09 7.42 6.74 0.18 394 1.55 0.16 50.83 5.29 0.00
Regressed-PCA S2 0.42 2.32 4.62 3.92 0.18 4.03 1.61 0.13 48.28 5.64 0.00
IPCA 0.88 10.63  17.68 17.50 0.09 2.00 4.56 0.10 85.72 16.31  0.00
IPCA\Regressed-PCA 1.09 5.70 26.13 25.21 0.21 4.66 225 0.06 35.61 8.36 0.00
FF5 0.43 4.88 4.22 4.03 0.09 2.08 2.09 0.12 86.06 7.37 0.00
KNS 0.95 6.15 19.41 18.90 0.16 3.59 1.11 0.04 58.32 4.22 0.00

T Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/V7: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table VII. Comparing asset pricing tests: K =5 (continued)’

Testing portfolios/Factors Ala|] Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh?(f) AR? GRS p(GRS)
Group IV: IPCA’s 36 managed portfolios

4%

Regressed-PCA 0.06 3.44 0.87 0.82 0.01 0.33 1.50 0.04 25.22 20.30 0.00
Regressed-PCA S1 0.06 5.12 1.41 1.38 0.01 027 1.85 0.16 47.24 2250 0.00
Regressed-PCA S2 0.06 5.30 1.32 1.29 0.01 0.25 1.83 0.13 51.44 22.90 0.00
IPCA 0.07 6.72 1.53 1.51 0.01 021 3.06 0.10 64.08 39.14  0.00
IPCA\Regressed-PCA 0.06 4.53 1.22 1.17 0.01 031 220 0.06 39.29 29.28  0.00
FF5 0.04 3.32 0.71 0.67 0.01 027 1.42 0.12 50.00 17.96  0.00
KNS 0.04 3.87 0.76 0.73 0.01 0.26 147 0.04 52.97 20.03 0.00
Group V: P1&10 of sorted portfolios (single sort on 55 characteristics in Kozak et al. (2018), 110 portfolios)
Regressed-PCA 0.73  4.05 7.24 6.82 0.19 427 1.36 0.04 43.38 5.16 0.00
Regressed-PCA S1 0.47 2.61 3.78 3.37 0.19 4.01 1.42 0.16 49.01 4.82 0.00
Regressed-PCA S2 0.37 1.98 2.51 2.10 0.19 4.13 1.44 0.13 45.95 5.02 0.00
IPCA 0.73 6.43 7.71 7.53 0.12 2.66 3.15 0.10 77.14 11.26 0.00
IPCA\Regressed-PCA 0.90 4.68 10.96 1045 0.21 4.67 1.85 0.06 34.10 6.87 0.00
FF5 0.40 4.50 2.40 2.25 0.11 2.34 2.54 0.12 82.37 8.97 0.00
KNS 0.92 5.77 10.54 10.24 0.16 3.66 1.31 0.04 56.83 5.01 0.00
Group VI: P1&10 of sorted portfolios (single sort on 36 characteristics, 72 portfolios)

Regressed-PCA 0.69 3.55 5.72 5.28 021 471 0.81 0.04 41.77 5.13 0.00
Regressed-PCA S1 0.49 2.52 3.25 2.83 0.20 436  0.96 0.16 48.78 5.40 0.00
Regressed-PCA S2 0.39 1.89 2.35 1.91 0.21 450 1.02 0.13 45.53 5.94 0.00
IPCA 0.70 5.43 6.11 5.90 0.14 3.07 1.84 0.10 74.60 10.92  0.00
IPCA\Regressed-PCA 0.88 4.20 9.17 8.62 023 513 1.34 0.06 33.26 8.29 0.00
FF5 042 4.38 2.48 2.29 0.12 2.73 2.48 0.12 80.46 14.53 0.00
KNS 0.91 5.61 9.35 9.07 0.17 3.79 0.88 0.04 59.94 5.54 0.00

T Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/V7: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



References

Back, K., N. Karapia, AND B. OsTDIEK (2013): “Slopes as factors: Characteristic
pure plays,” Tech. rep.

— (2015): “Testing factor models on characteristic and covariance pure plays,”
Tech. rep.

BELLONI, A., V. CHERNOZHUKOV, D. CHETVERIKOV, AND K. KATO (2015): “Some
New Asymptotic Theory for Least Squares Series: Pointwise and Uniform Results,”
Journal of Econometrics, 186, 345-366.

CAMPBELL, J. Y., M. LETTAU, B. G. MALKIEL, AND Y. XU (2001): “Have individual
stocks become more volatile? An empirical exploration of idiosyncratic risk,” The
Journal of Finance, 56, 1-43.

(2022): “Idiosyncratic Equity Risk Two Decades Later,” Tech. rep., NBER.

CatTANEO, M. D.,; R. K. CrUMP, M. H. FARRELL, AND E. SCHAUMBURG (2020):

“Characteristic-sorted portfolios: Estimation and inference,” Review of Economics
and Statistics, 102, 531-551.

CHAMBERLAIN, G. AND M. ROTHSCHILD (1982): “Arbitrage, factor structure, and
mean-variance analysis on large asset markets,” Econometrica, 51, 1281-1304.

CHEN, L., M. PELGER, AND J. ZHU (2022): “Deep learning in asset pricing,” Manage-
ment Science, forthcoming.

CHEN, Q. (2022): “A Unified Framework for Estimation of High-dimensional Condi-
tional Factor Models,” Tech. rep., arXiv preprint arXiv:2209.00391.

CHENG, M., Y. L1ao, AND X. YANG (2023): “Uniform Predictive Inference for Factor
Models with Instrumental and Idiosyncratic Betas,” Journal of Econometrics, Forth-
coming.

COCHRANE, J. H. (2011): “Presidential address: Discount rates,” The Journal of fi-
nance, 66, 1047-1108.

CONNOR, G., M. HAGMANN, AND O. LINTON (2012): “Efficient semiparametric esti-
mation of the Fama—French model and extensions,” Econometrica, 80, 713-754.

CONNOR, G. AND R. A. KORAJCZYK (1986): “Performance measurement with the ar-
bitrage pricing theory: A new framework for analysis,” Journal of financial economics,
15, 373-394.

—— (1988): “Risk and return in an equilibrium APT: Application of a new test
methodology,” Journal of financial economics, 21, 255-289.

CONNOR, G. AND O. LINTON (2007): “Semiparametric estimation of a characteristic-

43



based factor model of common stock returns,” Journal of Empirical Finance, 14,
694-717.

DaNIEL, K., L. MoTA, S. ROTTKE, AND T. SANTOS (2020): “The cross-section of risk
and returns,” The Review of Financial Studies, 33, 1927-1979.

DANIEL, K. AND S. TITMAN (1997): “Evidence on the characteristics of cross sectional
variation in stock returns,” Journal of Finance, 52, 1-33.

Fama, E. AND K. FRENCH (2008): “Dissecting anomalies,” The Journal of Finance,
63, 1653-1678.

Fama, E. F. (1976): Foundations of Finance, New York: Basic Books.

Fama, E. F. ANnD K. R. FrRENCH (1993): “Common risk factors in the returns on

stocks and bonds,” Journal of financial economics, 33, 3-56.

(2015): “A five-factor asset pricing model,” Journal of financial economics, 116,
1-22.

(2020): “Comparing cross-section and time-series factor models,” The Review of
Financial Studies, 33, 1891-1926.

Fama, E. F. AND J. D. MACBETH (1973): “Risk, Return, and Equilibrium: Empirical
Tests,” The Journal of Political Economy, 81, 607-636.

Fan, J., Z. T. KE, Y. L1a0o, AND A. NEUHIERL (2022): “Structural Deep Learning in
Conditional Asset Pricing,” Tech. rep., Available at SSRN 4117882.

Fan, J., Y. Liao, AND W. WANG (2016a): “Projected principal component analysis
in factor models,” The Annals of Statistics, 44, 219-254.

(2016b): “Supplement to “Projected principal component analysisin factor mod-
els”,” DOI:10.1214/15-A081364SUPP.

FErsON, W. E. aNnD C. R. HARVEY (1999): “Conditioning variables and the cross
section of stock returns,” The Journal of Finance, 54, 1325—-1360.

FREYBERGER, J., A. NEUHIERL, AND M. WEBER (2020): “Dissecting characteristics
nonparametrically,” The Review of Financial Studies, 33, 2326—-2377.

GAGLIARDINI, P. AND H. MA (2019): “Extracting statistical factors when betas are
time-varying,” Tech. rep., Available at SSRN 3426534.

GAGLIARDINI, P.; E. OssOLA, AND O. SCAILLET (2016): “Time-varying risk premium

in large cross-sectional equity data sets,” Econometrica, 84, 985—1046.

(2020): “Estimation of large dimensional conditional factor models in finance,”
in Handbook of Econometrics, vol. TA, chap. 3.
GE, S., S. L1, AND O. B. LINTON (2022): “Dynamic Peer Groups of Arbitrage Char-

acteristics,” Journal of Business & Economic Statistics.

44



GIBBONS, M. R., S. A. Ross, AND J. SHANKEN (1989): “A test of the efficiency of a
given portfolio,” Econometrica, 57, 1121-1152.

GIGLIO, S. AND D. X1U (2021): “Asset pricing with omitted factors,” Journal of Polit-
ical Economy, 129, 1947-1990.

GREEN, J., J. R. HAND, AND X. F. ZHANG (2017): “The characteristics that provide
independent information about average US monthly stock returns,” The Review of
Financial Studies, 30, 4389-4436.

Gu, S., B. KELLY, AND D. X1U (2020): “Empirical asset pricing via machine learning,”
The Review of Financial Studies, 33, 2223-2273.

(2021): “Autoencoder asset pricing models,” Journal of Econometrics, 222, 429—

450.

HaDpDAD, V., S. KOzAK, AND S. SANTOSH (2020): “Factor timing,” The Review of
Financial Studies, 33, 1980—-2018.

HarvEYy, C.; Y. Liu, AND H. ZHU (2016): “... and the cross-section of expected
returns,” The Review of Financial Studies, 29, 5—68.

HasTie, T., R. TIBSHIRANI, AND J. FRIEDMAN (2011): The Elements of Statistical
Learning: Data Mining, Inference, and Prediction, Springer Series in Statistics, New
York: Springer, 2nd edition ed.

HOBERG, G. AND I. WELCH (2009): “Optimized vs. sort-based portfolios,” Tech. rep.,
AFA 2010 Atlanta Meetings Paper.

Jacoss, B. I. AND K. N. LEvy (1988): “Disentangling Equity Return Regularities:
New Insights and Investment Opportunities,” Financial Analysts Journal, 44, 18-43.

KeLry, B. T., S. PruiTT, AND Y. SU (2019): “Characteristics are covariances: A

unified model of risk and return,” Journal of Financial Economics, 134, 501-524.

(2020): “Instrumented principal component analysis,” Tech. rep., Available at
SSRN 2983919.

KM, S., R. A. KORAJCZYK, AND A. NEUHIERL (2020): “Arbitrage portfolios,” Review
of Financial Studies, Forthcoming.

KirBY, C. (2020): “Firm characteristics, cross-sectional regression estimates, and asset
pricing tests,” The Review of Asset Pricing Studies, 10, 290-334.

Kozak, S. AND S. NAGEL (2023): “When do cross-sectional asset pricing factors span
the stochastic discount factor?” Tech. rep., National Bureau of Economic Research.
Kozak, S., S. NAGEL, AND S. SANTOSH (2018): “Interpreting factor models,” The

Journal of Finance, 73, 1183-1223.

— (2020): “Shrinking the cross-section,” Journal of Financial Economics,, 135,

45



271-292.

LETTAU, M. AND M. PELGER (2020): “Factors that fit the time series and cross-section
of stock returns,” The Review of Financial Studies, 33, 2274-2325.

LEWBEL, A. (1991): “The Rank of Demand Systems: Theory and Nonparametric Esti-
mation,” Fconometrica, 59, 711-730.

LEWELLEN, J. (2015): “The cross section of expected stock returns,” Critical Finance
Review, 4, 1-44.

LEWELLEN, J., S. NAGEL, AND J. SHANKEN (2010): “A skeptical appraisal of asset
pricing tests,” Journal of Financial Economics, 96, 175-194.

McLEAN, R. AND J. PONTIFF (2016): “Does academic research destroy stock return
predictability?” The Journal of Finance, 71, 5-32.

MotTA, G., C. M. HAFNER, AND R. VON SAcCHSs (2011): “Locally stationary factor
models: Identification and nonparametric estimation,” Econometric Theory, 27, 1279—
1319.

PArk, B. U., E. MAMMEN, W. HARDLE, AND S. BORAK (2009): “Time series mod-
elling with semiparametric factor dynamics,” Journal of the American Statistical As-
sociation, 104, 284-298.

PELGER, M. AND R. XIONG (2021): “State-varying factor models of large dimensions,”
Journal of Business Economics & Statistics, Accpted.

REISMAN, H. (1992): “Intertemporal Arbitrage Pricing Theory,” The Review of Finan-
cial Studies, 5, 105—-122.

ROSENBERG, B. AND W. MCKIBBEN (1973): “The prediction of systematic and specific
risk in common stocks,” Journal of Financial and Quantitative Analysis, 317-333.
Ross, S. A. (1976): “The Arbitrage Theory of Capital Asset Pricing,” Journal of

Economic Theory, 13, 341-360.

Roussanov, N. (2014): “Composition of wealth, conditioning information, and the
cross-section of stock returns,” Journal of Financial Economics,, 111, 352-380.

Su, L. AND X. WANG (2017): “On Time-Varying Factor Models: Estimation and
Testing,” Journal of Econometrics, 198, 84—101.

Yu, Y., T. WANG, AND R. J. SAMWORTH (2014): “A useful variant of the Davis-Kahan
theorem for statisticians,” Biometrika, 102, 315-323.

46



Online Appendix to “Semiparametric Conditional Factor
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This online appendix is organized as follows. Appendix A introduces two estimators
for the number of factors. Appendix B complies the assumptions. Appendix C provides
proofs of the theoretical results. Appendix D presents additional discussions. Appendix

E shows simulation results, and Appendix F collects additional empirical findings.

APPENDIX A - Determining the Number of Factors

In this appendix, we develop two estimators for the number of factors K: one based
on maximizing the ratio of two adjacent eigenvalues (Ahn and Horenstein, 2013), and
another by counting the number of “large” eigenvalues (Bai and Ng, 2002). To define
the estimators, let A, (Y M7Y'/T) denote the kth largest eigenvalue of the JM x JM
matrix Y M7Y’/T. The first one is given by:

. Me(Y M7Y'/T)

K = argmax = = .
1<k<M/2 Nep1 (Y MpY'/T)

(A1)

Here, K is constrained to between 1 and JM /2, which is not restrictive because we

assume K > 1 is fixed and J — oo. The second one is defined as:
K=#{1<k<JM: \(YMpY'/T) > Ant}, (A.2)

where #A denotes the cardinality of set A and 0 < Ay — 0 is a tuning parameter.

We differ from Ahn and Horenstein (2013) and Bai and Ng (2002) in two key as-

pects. First, in the presence of time-varying Z;, methods based on the original data
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{Y;}i<r or the projected data {®(Z;)(®(Z;)'®(Z;)) 1 ®(Z;)'Ys } i< may fail to estimate
K. Instead, we work on the regressed data {fﬁ}tST, where the regressed data matrix
Y My is approximately equal to BEF’ My, whose rank is qual to the number of factors.
Second, we allow N/T — oc.

Theorem A.1. (A) Suppose Assumptions B.1-B.3, B.5(i), and B.9 hold. Let K be given
in (A.1). Assume (i) N — oo; (i) T — oo; (iii) J — oo with J = o(min{v/N,/T})
and NJ~2% = o(1). Then

P(K=K)—1.

(B) Suppose Assumptions B.1-B.3 hold. Let K be given in (A.2). Assume (i)
N — oo; (ii) T > K + 1; (i) J — oo with J = o(v/N); (iv) 0 < Ayy — 0 and
Ant min{N/J, J?*} — co. Then

P(K=K)—1.

Theorem A.1 shows that both K and K are consistent estimators of K. The consis-
tency of K requires T — oo, while the consistency of K does not. The latter relies on
the choice of A\y7. In practice, K is recommended when T is large, while K is preferred

when T is small.

APPENDIX B - Assumptions

Assumption B.1 (Basis functions). (i) There are positive constants cypin and cymax such

that: with probability approaching one (as N — o0),

N

Cmin < I%l%l >\min (Qt) < rg1<347¥ )\max(Qt) < Cmax;

where Qt = (I)(Zt)/q)<Zt)/N; (m) maXmSMJSJ,iSN,tST E[(ﬁ?(zzt’m)] < 0.

Since Q; = YN, é(zit)d(zir)'/N is a JM x JM matrix with JM much smaller
than N, Assumption B.1(i) can follow from the law of large numbers for finite 7" and
its uniform variant for T — oo; see Proposition D.1 for a set of sufficient conditions.
The conditions can be easily verified for B-splines, Fourier series, and polynomials basis
functions. In particular, we allow Z; to be nonstationary over t. When Z; is not changing

over t, Assumption B.1 reduces to Assumptions 3.3 of Fan et al. (2016a).



Assumption B.2 (Factor loading functions and factors). There are positive constants
Amin and dmax such that: (7') Amin < )\min(B/B) < )\max(B,B) < dmax; (“) maxg<r Hft” <
dmax; (27,7,) )\min(F/MTF/T) > dmin; (M)) makaK,mSM sup, yékm,(}(z)] = O(J_K) and

MaXy,< M SUP, [T, g (2)] = O(J ") for some constant k > 1/2.

Assumption B.2(i) is similar to the pervasive condition on the factor loadings in Stock
and Watson (2002). Similar assumptions also are imposed in Assumption B of Bai (2003)
and Assumption 4.1(ii) of Fan et al. (2016a). For simplicity of presentation, we assume
fi’s are nonrandom fixed parameters by following Bai and Li (2012). Our analysis
holds if they are random variables. In this case, we assume f;’s to be independent of
all other variables, and all stochastic statements can then regarded as conditioning on
f+’s realizations. Since the dimension of B is JM x K, Assumption B.2(i) requires
JM > K. Since the rank of M7 is T'— 1, Assumption B.2(iii) requires 7" > K + 1,
which implies T' > 2. These two requirements are not restrictive, since we assume K is
fixed. Assumption B.2(iv) is standard in the sieve literature. It can be easily satisfied
by using B-splines or polynomials basis functions under certain smoothness of «(-) and
B(); see, for example, Lorentz (1986) and Chen (2007).

Assumption B.3 (Data generating process).(i){ct }i+<7 is independent of {Zi }i<1; (i)
Eley] =0 for alli < N and t < T; (iii) there is 0 < C1 < oo such that

N | NN TT
z<I]r\lf%5}éTZ |Eleieji]| < Ch and Z > N> |Eleiejs]| < Ch.

1:1 j=1t=1s=1

Assumption B.3(iii) requires {e; }i<n+<7 to be weakly dependent over both ¢ and ¢,
and is commonly imposed for high-dimensional factor analysis; see, for example, Stock
and Watson (2002), Bai (2003), and Fan et al. (2016a). When Z; is not changing over
t, Assumption B.3 reduces to Assumptions 3.4 (i) and (iii) of Fan et al. (2016a).

Assumption B.4 (Intercept function). 'B =0 and ||a|| < Cy for some 0 < Cy < .

Assumption B.4 is needed for the identification of a(-). Similar assumption is im-
posed in Connor et al. (2012) and Assumption 3.1(i) of Kim et al. (2020).

Assumption B.5 (Rate of convergence). (i) maX,,<n,j<Ji<Nt<T E[gb (zit;m)] < 00;
(i) 0 < min;< N t<7 Amin(Qit) < MaxX;< N +<7 Amax(Qit) < 00, where Qir = E[P(zit)d(zit)'];



(111) {zit }i<N i< are independent across i < N; (iv) there is 0 < Cy < 0o such that

1 N N N N
rgl<a7;:( N2 ;;kzl; |Eleicjieren]| < Co
and 2
T N N
NZTZ ZZZ|E Eltgjs < Cs.
= s=1i=1j5=1

Assumptions B.1-B.4 allow us to establish a preliminary rate of the estimators in
Theorem C.1. Assumption B.5 is an additional assumption that we need to establish
a fast rate in Theorem 4.1. Assumption B.5(i) strengthens Assumption B.1(ii). As-
sumption B.5(ii) requires that the second moment matrix E[¢(zi)d(zi)'] is bounded
and nonsingular for all ¢ and ¢, which is widely used in the sieve literature; see, for ex-
ample, Newey (1997) and Huang (1998). Assumption B.5(iii) is commonly imposed in
the sieve literature, which is used to justify the asymptotic convergence of Q. Assump-
tion B.5(iv) allows for weak dependence of {€;}i<n <7 over both i and ¢. The second
condition is similar to the second condition in Assumption B.3(iii); both are satisfied if
maxi<r Yooy Yoy Yoy |Eleie;s] /N is bounded.

Assumption B.6 (Asymptotic distribution). (i) (F'MpF/T)B'B has distinct eigen-
values; (1t) {eit}i<n <7 are independent across i < N; (i) there is 0 < C3 < 0o such
that

Assumption B.6 is needed in Theorem 4.2. The distinct eigenvalue condition in
Assumption B.6(i) is necessary to establish the asymptotic normality, as known in the
literature; see, for example, Bai (2003) and Chen and Fang (2019). Assumption B.6(ii)
imposes independence of {ej }i<n <7 across i for simplicity. Cross-sectional indepen-
dence is also imposed in Fan et al. (2016a) for studying specification test (Theorem
5.1). It is straightforward to modify the proof of Theorem 4.2 to allow for clsuter-type
dependence of {ej}i<n<T across i.! Assumption B.6(iii) allows for weak dependence

of {&4t}i<n<T over t.

! Assumption B.6(ii) permits the use of Yurinskii’s coupling. Alternatively, one could apply the coupling
method from Li and Liao (2020), which accommodates mixingale-type dependence. However, it remains
unclear which dependence structure is more suitable for asset pricing models. For this reason, we adhere
to Assumption B.6(ii) in this context.



Assumption B.7 (Bootstrap). (i) {wili<ny is a sequence of i.i.d. positive random
variables with Elw;] = 1 and var(w;) = wo > 0, and is independent of {Z,et}i<1; (it)
there are positive constants eyin and emax such that: with probability approaching one
(as N — ),

A

Conin < MiN Apin (OF) < max A N <e
min ey mln(Qt) = 5 max(Qt) max

where QF = ®(Z;)" ®(Z) /N ; (iii) Anin(Q) > 0.

Assumption B.7 is needed in Theorem 4.3. Assumption B.7(i) defines the bootstrap
weight w; for each i. It is straightforward to extend the bootstrap to accommodate
clsuter-type dependence of {ej}i<n <7 across i by utilizing the same weight within
each cluster. Since QF = YN, ¢(zi)d(zir)'wi/N is a JM x JM matrix with JM much
smaller than N, Assumption B.7(ii) can follow from the law of large numbers for finite 7'
and its uniform variant for 7' — oo, similar to Assumption B.1(i). Assumption B.7(iii)

requires nonsingularity of the variance-covariance matrix 2.

Assumption B.8 (Specification test). (i) There are positive constants gmin and gmax

such that: with probability approaching one (as N — o),

Gmin < 5%1,}1 >\m1n(Zt/Zt/N) < I%azz( )\max(Zt,Zt/N) < 9max,

(#i) max;<n <1 E[||zit||*] < 00; (44i) min;<n <1 Amin(E[2it2,]) > 0; (iv) with probability
approaching one (as N — o0),

Gmin < %III} )\min(Z:/Zt/N) < I?gaj)’( )\max(Zt*,Zt/N) < gmax;
(v) sup, |a(2)| < oo and sup, ||B(2)|| < occ.

Assumption B.8 is needed in Theorem 4.4. Assumptions B.8(i)-(iv) are analogous to
Assumptions B.1(i), B.5(i), (ii), and B.7(ii), respectively. When z;; is included as a part
of ¢(z;), which is true in the case of polynomial basis functions, the former are implied

by the latter ones. In this case, Assumptions B.8(i)-(iv) thus are redundant.

Assumption B.9 (Determination of K). (i) 0 < mini<p Amin(Elee}]) < maxi<rp
Amax (Elere}]) < oo; ii) there is 0 < Cy < oo such that

N N N
Z Z Z |cov(eirejt, ersers)| < Ca.

T T
=1i=1j=1k=1¢=1

1
N2T +T2N Z

t=1s



Assumption B.9 is needed in Theorem A.1(i). Assumption B.9(i) requires that
the covariance matrix E[ee}] is bounded and nonsingular for all t. In particular,
maxy<7 Amax(E[ee;]) < oo allows for weak dependence of {€;}i<n <7 across i. When
{€it}i<n <1 are independent across i, the condition is satisfied when min; <y ;<7 E[s?t] >
0 and max;<y <7 Ele%] < oo. Assumption B.9(ii) allows for weak dependence of
{e€it}i<nt<T over both i and t¢; see Proposition D.2 for a set of sufficient conditions.
Assumption B.9 is distinct from Assumption 6.1 in Fan et al. (2016a), which may not

be easy to verify.

APPENDIX C - Proofs of Theoretical Results

C.1 A Preliminary Rate of Convergence

We first establish a preliminary convergence rate of a, B, F, a(-), and 3(), as an

intermediate step toward proving Theorem 4.1.

Theorem C.1. Suppose Assumptions B.1-B.J hold. Let a, B, F, a(-), and B() be given
n (10). Assume (i) N — oo; (i) T > K +1; (i) J — oo with J = o(~/N). Then

1 g g
FEZ R i

A 1 J2 J
H 2

~ 1 J3 J2
sup [15() — H'8(:) | = 0, (J tEt NT) macsup 652

PROOF: Let us begin by defining some notation. For A; = Ay = R(Z;) + A(Zy) fr and
e, let Ay = (8(2,)®(Z,)) ' ®(Z,)A; . Let A = (Ay,...,Ar) and E = (&1,...,87).

Then (9) can be written as
Y =allp + BF + A+ E, (C.1)

where 17 denote a T' x 1 vector of ones. Recall My = Iy — 1717, /T. Post-multiplying



(C.1) by Mt to remove a, we thus obtain
Y My = B(MpF) + AMy + EMrp. (C.2)

Let V be a K x K diagonal matrix of the first K largest eigenvalues of Y M7Y’/T. By the
definitions of B and F', (Y MpY'/T)B = BV and MpF = MyY'B. Thus, F'MpF /T =
B (YMyY'/T)B =V and H = (F'MpF)(F'MyF)~' = (F'MyY'B/T)V-'. We may
substitute (C.2) to (Y MpY’/T)B = BV to obtain

B-BH=[(A+E)MY'/T\BV' =Y D;BV, (C.3)

where Dy = AMpFB'/T, Dy = AMyA' /T, D3 = Dy = AMypE' /T, Dy = EMpFB')T,
and D5 = EMpFE'/T. By the Cauchy-Schwartz inequality and the facts that ||C+D||r <
ICllF + || D]|p and [|CD|[r < [|C|]2|| D, (C.3) implies

6 2
. R 1 J J
2 2 —1y2 2
1B - BH|% < 6| BI3IV 3 (j}:l HDJ»HF) =0, (J% + +NT>, (C.4)

where the equality follows by Lemmas C.1 and C.2(i), along with the fact that ||Ds||r =
|| Ds||r- By the definition of a,

a—a=—-B(B—BH)a+ (I;; —BB')(BH - B)H™'f
+ (Iypr — BBYA17 )T + (Iyy — BB')E1p/T. (C.5)

where H~! is well defined with probability approaching one by (C.4) and Lemma C.2(ii),
and we have used 'B = 0 and (I;3; — BB')B = 0. By the Cauchy-Schwartz inequality
and the facts that ||z + y|| < ||z|| + ||y|| and ||Az|| < ||All2||z|, (C.5) implies

o~ al® < 4 (18~ BHIRIal? + I1BH — BIR|H 3 max
1oxig 1~ o g2 J
FpIA+ IE) =0, (it 7). (00

where the equality follows by (C.4), Assumptions B.2(ii) and B.4, as well as Lemmas
C.2(ii), C.3(i), and C.4(ii). Noting B'B = I, we may substitute (C.1) to ' = Y'B to



obtain

A

F—FH)'=17d (B - BH)+ F(H')"Y(BH — B)

o>

+A'B+FE'B. (C.7)

where (H')~! is well defined with probability approaching one by (C.4) and Lemma
C.2(ii), and we have used a'B = 0. By the Cauchy-Schwartz inequality and the facts
that [[C'+ D|[r < |[Cllr + [ D]|r and |CD[[r < [|C|]2|P]|F, (C.7) implies

1, - _ 4 _ . " ~ .
I = FHE)E < o (HFI@IIH HEIBH — Bl[E + |AlE + IIEII%) 18113
4 . 1 J

4 2 PIBH - BIReP = 0, (1 + 5 ). (€9

where the equality follows from (C.4), Assumptions B.2(ii) and B.4, as well as Lemmas

C.2(ii) and C.3(i), (ii), by noting that J = o(v/N). Since 3(z) = B'¢(z) and S(z) =
B'é(z) +6(2),

B(z) — H'B(z) = B'é(2) — (BH)'¢(=2) + H'5(2). (C.9)

By the Cauchy-Schwartz inequality and the facts that ||z + y|| < ||z| + ||yl|, ||Az| <
[All2]lz]| and [[A]l2 < [|Al|7, (C.9) implies

sup 1B(=) — H'B(2)||* < 2|1B — BH|7sup [|¢(=)II* + 2| H|3 sup |6 (=)

—o, (L |63 () C.10
=O0p | et t 2t yg ) mescsup [45(2)]7, (C.10)

IN

where the equality follows from (C.4) and Lemma C.2(i), noting that sup, ||¢(z)||?
JM max;<jsup, |¢;(2)* and sup, [|6(2)[]* < KM?maxg<rm<n sup; |0pm,s(2)]> =
O(J~2%) due to Assumption B.2(iv). The proof of the second last result is similar.

This completes the proof of the theorem. |

C.1.1 Technical Lemmas

Lemma C.1. Let D1, Do, D3, Dy, D5 be given in the proof of Theorem C.1.
(i) Under Assumptions B.1(i), B.2(i), (ii), and (iv), | D1]|% = Op(J~%).

(ii) Under Assumptions B.1(i), B.2(ii), and (), |D2||% = Op(J~*%).

(iii) Under Assumptions B.1, B.2(ii), (), and B.3, | Ds||% = Op(J~2¢J/N).
(iv) Under Assumptions B.1, B.2(i), (ii), and B.3, |D4||% = Op(J/NT).



(v) Under Assumptions B.1 and B.3, ||Ds|% = O,(J?/N?).

ProOOF: (i) Since | Mrllz = 1, || Di|lr < | Bll2||Fl2||All#/T. The result then immedi-

ately follows from Assumptions B.2(i) and (ii) as well as Lemma C.3(i).

(i) Since || Mz = 1, | D2||r < ||Al|%/T. The result then immediately follows from
Lemma C.3(i).

(iii) Since || M|z = 1, | D3||r < |A||p||E||#/T. The result then immediately follows
from Lemma C.3(i) and (ii).

(iv) Since ||Dy|lr < ||Bl2|EM7F||p/T, the result then immediately follows from
Assumption B.2(i) and Lemma C.3(iii).

(v) Since |[M7||2 = 1, || Ds||r < |E||%/T. The result then immediately follows from
Lemma C.3(ii). [ |

Lemma C.2. Suppose Assumptions B.1-B.3 hold. Let V' be given in the proof of The-
orem C.1. Assume (i) N — oo; (i) T > K + 1; (iii) J — oo with J = o(v/N).
Then (i) |V]l2 = Op(1), [V |2 = Op(1), and ||H||2 = Oy(1); (i) [|H ]2 = Op(1), if
IB — BH||r = 0,(1).

PRrOOF: (i) Let D7 = D} and Dg = D). Then by (C.2), YM7Y'/T = BF'MpFB'/T +
ng‘:l Dj, where Dq,...,Dg are given below (C.2). By the fact that ||C' + D|p <
ICllF + | D]|F,

8
o & 1 J VT
YMyY' /T — BF'MyFB' )T r < Dillr=0, | — + = + ’ C11
¥ FBTlr < YD p<JH i) e

where the equality follows by Lemma C.1 and the facts that || Dg||r = ||Ds||r, ||D7||F =
|D1]|p, and ||Dg||p = || D4l|p. Let V be a K x K diagonal matrix of the eigenvalues of
(F'MpF/T)B'B, which are equal to the first K largest eigenvalues of BF' MpFB'/T.
By the Weyl’s inequality and the fact that [|A|2 < [|A] F,

L 1 J VI
_ < ||YM7Y'/T — BF' MpFB'/T||5 = — =) 12
[V =Vl|2 < Y MY’/ TFB' /T2 = Oy <Jﬁ tyt W) (C.12)

Thus, |V = O,(1) and [V~ 2 = A1, (V) = O,(1) follow from (C.12) and Assump-

min

tions B.2(i)-(iii). Let H® = (F'M¢F/T)B'BV~'. Recall that H = (F'MyY'B/T)V ",



Then by the facts that | Alls < ||Al|F and || Mr|2 =1,

1 . . . 1 V.
H — H®|s < =(|F||2||All ¢ + |EMzF|| )| B|l2[|V "2 = +—1|, (C.13
| HLT(II 2| All 7 + [ EMrF||F)|[Bll2]|V |2 ({,H JNT (C.13)

where the equality follows from the second result in (i), Assumption B.2(ii), and Lemmas
C.3(i) and (iii). Since ||H®|2 < ||F'MpF/T|2||B|2||Bll2||V |2, the third result in (i)
follows from (C.13), the second result in (i), and Assumptions B.2(i) and (ii).

(if) By the facts that ||C'+ D]z < |[Cllr + |D]F and [|CD|[r < [|C|2[|Dl|F,
|B'B — H'B'BH||r < ||Bl2||B — BH||r + ||B — BH||p||Bl12||H]|2- (C.14)

Thus, Ix — H'B'BH = 0,(1) by Assumption B.2(i) and ||H||2 = O,(1). It then follows
that Iy — Amin(B'B)H'H is negative semidefinite with probability approaching one,
since H'B'BH — Ayin(B'B)H'H is positive semidefinite. So, the eigenvalues of H'H are
not smaller than Al (B’B) with probability approaching one. Thus, the result in (ii)
follows from Assumption B.2(i). [ |

Lemma C.3. Let A and E be given in the proof of Theorem C.1.

(i) Under Assumptions B.1(i), B.2(ii), and (i), |A||%/T = O,(J~%).

(ii) Under Assumptions B.1 and B.3, |E||%/T = O,(J/N).

(ii) Under Assumptions B.1, B.2 (i), and B.3, |EMrF|%/T = O,(J/N).

PROOF: (i) By the facts that ||Az| < ||A|2]|z| and [|A4|2 < [|A] F,

A%

Nl
’ﬂ\

T
Z D(Ze)'®(Z:)) " ®(Ze) (R(Ze) + A(Zy) f) 1P
< 2max I £l (Hgn )\mln(Qt)>_ ﬁ Z 1A(Z)|1F

2 (mm Amm@t)) Z IRZ1P =0, (75:).  (C15)

where the last line follows from Assumptions B.1(i) and B.2(ii), as well as Lemma
C.4(iii).
(ii) By the fact that [|Az| < || A2z,

~

S N [CIAC AN AT

10



: S 2 J
< (mpawn@) g le@=dt=0, (). ©9

where the last equality follows from Assumption B.1(i) and Lemma C.4(i).
(iii) By the facts that ||C' + D||r < ||C||F + | D] F,

2

| EMrF|} <

T

N2T ;' (Z) e f]

2HfH2
N

F
2

ZQt ‘(2

where the equality follows from Assumption B.2(ii) and Lemma C.4(ii). [

Lemma C.4. (i) Under Assumptions B.1(ii) and B.3,
T
> _l1@(Z)'eel|* = Op(NTJ).

(ii) Under Assumptions B.1, B.2(it), and B.3,

2 2

T
= Op(NTJ) and ||Y_Q;'®(Z) e
F t=1

T
ZQt_l(I)(Zt)/gtft/

t=1

(iii) Under Assumption B.2(iv),

T
Y IAZ)NE = Op(NTI™*) and Y ||R(Z:)|I* = Op(NTJ ™).
— t=1

PROOF: (i) The result follows by the Markov’s inequality, since

T N N
ZZZ¢ Zzt Z]t Eit€jt

t=14=1 j=1

T N N
:ZZZE O(zi) d(2j1)| Eleie ]

t=1i=1j

[ET: (%) etu

T N N
< E| E]
< Juax Bl]l6(zu )% ;;;I [eiteje]|

11



gTJMmSMJg{%%MKT (63 (2it;m)] m_aXZZ|EEnEJt]— O(NTJ),  (C.18)

where the second equality follows by the independence in Assumption B.3(i), the first
inequality is due to the Cauchy Schwartz inequality, the second inequality follows since
max;<n <7 E[||¢(zi) 2] < JM maxp<prj<si<ni<T E[d) (zit.m)], and the last equality
follows from Assumptions B.1(ii) and B.3(iii).

(ii) Let E. be the expectation with respect to {&;};<r. Since ||A[/% =tr(AA’),

T 2 T T N N
E: |30tz el | = tr(ZZZZ Qi o (zin)ein ! fsejsd(zss) Qsl)}
t=1 o t=1s=1i=1j=1
T T N N
=Y 33> oz ) Qi QT b(2)s) [ fs Eleines]
t=1s=11i=1 j=1
o T T N N
< Itn<a72<”ftH (mln)\mm(Qt)> ZZZZ 6 (zit) || 6(zjs) || Elite s (C.19)

1:i=1j5=1

where the second equality follows from the independence in Assumption B.3(i) and the
linearity of both expectation and trace operators, and the inequality follows by the fact
that [|Az|| < ||Al|2]|z]]. Moreover,

E

T T N N
SOSTSTS bzl (zss) | Eleie sl

t=1s=11i=1 j=1

N N T T
<M owax B YYD [Elausill,  (C20)

where the first inequality is due to the Cauchy-Schwartz inequality, and the second one
follows since max;<n t<1 E[||¢(2it)|?] < JM max,<nrj<Ji<nNi<T E[qb (zit.m)]. Combin-
ing (C.19) and (C.20) implies that E.[|| 1, Q;'®(Z:) e f/|Z] = Op(NTJ) by As-
sumptions B.1, B.2(ii), and B.3(iii). Thus, the first result of the lemma follows by the

Markov’s inequality and Lemma C.5. The proof of the second result is similar.
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(iii) The first result follows since

T
SIAZ)F < NTKMQk max  sup |gm, 7 (2)]* = Op(NTJ ), (C.21)
t=1 Z

<K,m<M

where the inequality follows since maxi<ni<r [[0(zit)[|? < MZK supj<p < Sup,

|6km.s(2)|%, and the equality follows from Assumption B.2(iv). The proof of the sec-
ond result is similar. [ |
Lemma C.5. Let Sy,...,Sn be a sequence of random wvariables and D1,..., Dy be a

sequence of random wvectors. Then Sy = Op(1) if and only if Sy = Opp, (1), where
p denotes the underlying probability measure and p|Dy denotes the probability measure

conditional on Dpy.

PROOF: By definition, Sy = O,(1) means that P(|Sy| > ¢n) = o(1) for any {x — oo,
while Sy = Opp, (1) means that P(|Sy| > {y|Dn) = o0p(1) for any €y — oo. The
second follows from the first by the Markov inequality because E[P(|Sn| > ¢n|Dn)] =
P(|Sn| > €n) = o(1). Since P(|Sy| > ¢n|Dn) < 1 for all N, {P(|Sn| > ¢n|Dn)}n>1
are uniformly integrable. The first follows from the second by the fact that convergence

in probability implies moments convergence for uniformly integrable sequences. |

C.2 Proof of Theorem 4.1

PROOF OF THEOREM 4.1: Theorem C.1 provides a preliminary rate of ||a — a|?, | B —
BH||%, and ||~ F(H')~"||% by using rough bounds based on (C.3), (C.5), and (C.7). To
improve the rate of | B— BH||%, we need to treat Ds B in as (C.3) a whole to establish its
rate. By the Cauchy-Schwartz inequality and the facts that |C' + D||r < ||C||r + || D||F
and |[CD|[r < |[Cll2]D][#, (C.3) implies

6
1B — BH|[z < 10 B3]V (Z HDjH%) +2|VEIDs Bl

J#5

1 J J
_ i .22
op(J2H+N2+NT), (C.22)

where the equality follows from J = o(v/N), Lemmas C.1(i)-(iv), C.2(i), and C.6(ii),
as well as the fact that ||Dg||p = ||Ds||p. Given the rate of |B — BH|% in (C.22),
the rate of ||a — al|? immediately follows from the same argument in (C.6). To improve
the rate of ||F' — F(H')"'||%, we need to plug in the expansion of B — BH to (C.5),

13



and treat a’Dy, Dgé, DsB, and E'B as a whole to establish their rates. By the facts
that ||C 4+ D||r < ||C|lr + ||D||r and ||CD||r < ||C||2]|D||F, combining (C.3) and (C.7)

implies

6
I1F— FH') Y r= (Z | D[l | Bll2]lall + lla"Dall[| Bll2 + IIaIIIDsBllp) X
J#4,5

745
<AIFN2/EH 2V 2l Bll2 + | Al Bllz + | E' Bl e

VT T

where the equality follows from J = o(v/N), Assumptions B.2(ii) and B.4, Lemmas
C.1(i)-(iii), C.2, C.3(i), C.6, and C.7(i), as well as the fact that || Dg||r = || D3|/r. Thus,
the third result of the theorem follows from (C.23). The proofs of the last two results

6
V=2l 1] + ( > IDjlllBll2 + DB F + ||D5B||F)

of the theorem are similar to the proofs of the last two results of Theorem C.1. |

C.2.1 Technical Lemmas

Lemma C.6. Let Dy and Ds be given in the proof of Theorem C.1. Assume (i) N — 0o;
(i) T > K +1; (i) J — oo with J?¢%log J = o(N).

(i) Under Assumptions B.1-B.5, |D}B||% = O,(1/NT).

(ii) Under Assumptions B.1-B.5, |DsB||% = O,(J/N?).

(iii) Under Assumptions B.1-B.5, || Dyal|* = O,(1/NT).

PRrOOF: (i) Since | D} B||r < ||B|2||B'EMyF| /T, the result then immediately follows
from Assumption B.2(i) and Lemma C.7(ii).

follows from Lemmas C.3(ii) and C.7(i).

(ii) Since ||Mr|lz = 1, ||DsB||r < ||E|r|B'E||r/T. The result then immediately

(iii) Since ||Dja| < ||B|l2lla’ EM7F||/T, the result then immediately follows from
Assumption B.2(i) and Lemma C.7(iii). [ |

Lemma C.7. Let E be given in the proof of Theorem C.1. Assume (i) N — oo; (i)
T > K +1; (i) J — oo with J?¢3log J = o(N).
(i) Under Assumptions B.1-B.5, | B'E|%/T = O,(1/N).

14



(it) Under Assumptions B.1-B.5, |B'EMyF|%/T = O,(1/N)
(iii) Under Assumptions B.1-B.5, ||d’ EMrF||>/T = O,(1/N).

PROOF: By the facts that ||C' + D||r < ||C||r + || D||r and ||CD||r < ||C|l2||D||F,
HH||2HB E|%

T
ZIEIEIB - BHF+ N2THH||2 (Z \B’QJIQ(Zt)’fft\\Q)
t=1

2
~0, <J<1 J+J>_|_;]>:Op(]b), (C.24)

\)

BB < FIEIB - BHF + -

Nl
N'ﬂ

J2 + NT

where the second equality follows from J?¢%log.J = o(N), Lemmas C.2(i), C.3(ii), and
C.8(i), as well as Theorem C.1, and the last line is due to x > 1/2 and J = o(v/N).

(if) By the facts that ||C'+ Dl < |[Cllr + [ Dl|r and [|[CD[|r < [|Cll2[|Dl|F,

2 = . 2 .
SIEMrF|E|B ~ BH||% + *IIH\IgllB’EMTFIIF
2

ZIBEMFIE <
< ZIBMrFIRIB ~ BH|}: + o | HIB ZB O @ (Z) =S
F
P e IS o iaye)|
N2T =
_o, <J<J12H J2 ]\;]T>+Zb>20p<;7>’ (C.25)

where the first equality follows from J2¢%logJ = o(N), Assumption B.2(ii), Lemmas

C.2(i), C.3(iii), and C.8(ii), as well as Theorem C.1, and the last equality is due to
k>1/2 and J = o(v/N).

(iii) By the fact that ||z +y|| < [|lz| + [yl

2

2HfH2
TN

Z Q1 (Zy) e

2
CL0(Zy) e f]

1, - , 2

N EMpF|? <

T”“ rF| = N2T
(C.26)

1
-0 (¥):
because J?¢%log J = o(N), Assumption B.2(ii) and Lemma C.8(ii) [ |
Lemma C.8. Assume J > 2 and 3log J = o(N)
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(i) Under Assumptions B.1(i), B.2(i), B.3, and B.5,

T )
B'Q; JE%log J

Y IB'Q T O(Zy) e = O <NT (1 + 5J°g>> '

t=1

(7i) Under Assumptions B.1(i), B.2(i), (ii), B.3, B.4, and B.5,

=

Zt Etft

'‘Q(Z) || =0, (NT (1 +

T
SN dQ®(Z) eS| =0, (NT (1 SRLATA St 5

t=1

T

. 1
S d07'0(2)'s| =0, (N7 (14 L8
t=1 N

PROOF: (i) Let Q; = E[Q,]. By the fact that ||z + y|| < [|z| + ||y||,

Z IB'Q; ' ®(Zy) e|* < 22 IB'Q; @ (Zy) e

t=1

+ 22 IB'(Q; " — @ 2(Zy)et||* = 2T + 2Tz (C.27)
t=1

Therefore, it suffices to show that 71 = O,(NT) and T = O,(TJ&31og J). The former
holds by the Markov’s inequality, since

N
> ¢(zi)' Q; ' BB'Q;  (zj0)eine i

175=1

M=
Mz

E[T|=E

-
Il

14

.
Il

E[¢(z:)'Q; ' BB'Q; ' ¢(2j1)| Ele e ji]

I
[M]=
™=
M=

.
Il

14 1

1j

<T, max E[|B Qi ' ozin) 1] m_axlz;;!E&ﬁgt\— O(NT), (C.28)

where the second equality follows by the independence in Assumption B.3(i), the in-
equality is due to the Cauchy-Schwartz inequality, and the last equality follows from
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Assumption B.3(iii) and Lemma C.9. The latter also holds, since
T A
T2 < Cnr Y 1|1Qr — Qell3l2(Ze) e )?
t=1

- 12 , 7 1/2
< Cnr (Z Q¢ — Qt”%) (Z ||‘I’(Zt)/5tH4> = 0y(TJE710g J), (C.29)
=1

t=1

where Onr = || B||3(ming<7 Amin(Qt)) ~2(mini< n t<7 Amin(Qiz)) "2, the first inequality
follows since ming<7 Amin(Q¢) > min<y <7 Amin(Qit), the second inequality is due
to the Cauchy-Schwartz inequality, and the equality follows from Assumptions B.1(i),
B.2(i), and B.5(ii), as well as Lemmas C.10 and C.11.

(i) Let Q = E[Q4]. By the fact that '+ D||r < [ Cllr + D] s,

T 2 T 2
Y BQO(Z) ek <2|dBQIO(Z) e
t=1 F t=1 F
T 2
+2|Y B(Q; ' —Q HY®(Z) aufl| =2T+2Ts. (C.30)
t=1 F

Therefore, it suffices to show that 71 = O,(NT) and T = O,(vV'NTJ¢5y/Tog J). Note
that ||A||% = tr(AA’). The former holds by the Markov’s inequality, since

E[Th|=FE

T T N N
tr (ZZ ZZB, B(zit Eztftf5518¢(ZJS) QslB)

1i=1j=1

T T N j\f:
=Y 23> Boa) @ BBQ; 6(=)] £ fuEleus ]

N N T T
< Cyr_max_ E[IB'Q; ' 6(=))) 3 . 3. S |Bleuesl| = O(NT),  (C:31)

i<N,i<
ISNAST =1 j=1t=1 s=1

.

where Cyr = max;<7 || f¢||?, the second equality follows from the independence in As-
sumption B.3(i) and the linearity of both expectation and trace operators, the inequality
is due to the Cauchy-Schwartz inequality, and the last equality follows from Assump-
tions B.2(ii) and B.3(iii), as well as Lemma C.9. Let E. denote the expectation with
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respect to {e;}+<7. For the latter, we have

t=1s=14i=1 j=1

T N N
tr(Z 3> B’(Qt1—Qt1)¢<zit>eitf;fssjs¢(zjs)’(@gl—Qs‘l)B)

T T N
=222 > o) Q' — Qr)BB(Qy" — Q7 (25) i fsEleine s

T [T N N 2
< CNr [ 22| 22 22 D gzl ézso) | Eleie sl : (C.32)
t=1 \s=1i=1;=1
where Cir = | Bl3maxecr | foll*[(mine<r Amin(Qe) ™ + (Mini<n,e<1 Amin(Qit)) "]

(mlnt<T )‘mm(Qt)) (mmz<N t<T )‘mln(ta))_l and Cyp = CXTT(Ez:l HQt - QtH%)l/Qa
the second equality follows from the independence in Assumption B.3(i) and the
linearity of both expectation and trace operators, the first inequality follows since
ming<7 Amin(Q¢) > Minj<n <7 Amin(Qit), and the last inequality is due to the Cauchy-
Schwartz inequality. Moreover, we have

2

T T N N
E > (ZZZ 16 (zie) [l ( st)llE[euegsH)

=1 \s=1i=1j=1

~

T
< E|
e PlloC 12 (

t=1

ET: i\[: iv: Eleiejs] )

T [T N N 2
2072 4
< a2 PG 2 \ 2 2 2 WPleussdl o (C59)
where the first inequality is due to the Cauchy-Schwartz inequality, the second
one follows since max;<y <7 Ell¢(zi)|*] < J?>M? MAX, < M,j<Ji<N,i<T E[gb (zit,m)]-
By Assumptions B.1(i), B.2(i), (ii), and B.5(ii), as well as Lemma C.11, we have
Cxr = 0,(VTé;\/logJ/V/N). Combining this, (C.32) and (C.33) implies that
E.[T2] = Op(VNTJE¢ 4/Tog J) by Assumptions B.5(i) and (iv). Thus, the latter—75 =
Op(\/N T J¢j+/log J)—holds by the Markov’s inequality and Lemma C.5. This proves
the first result, and the proofs of other results are similar. |

Lemma C.9. Suppose Assumptions B.2(i), B.4, and B.5(ii) hold. Let Q; = E[Qt]

18



Then

2 1A=L /. N2
Lmax E[|BQro()|[Y] < o0 and  max_ Elld'Qo(z)[%) < ox.

PROOF: Since ||z||? = tr(zz’),

E(||B'Qy ' ¢(za)|I”) = Eltr(B'Qr ' d(2ie)$(2) Q7 ' B)] = tr(B'Q; ' QuQ; ' B)

- oy 2
= Z<f]I\1[at>éT Amax (Qit) (?éljr} /\mm(Qt)) K| B3

1
2
< z<H]\l/at}éT )\max(ta) ( I]Glth Amln(ta)) K||BH27 <C34)

where the second equality follows from the linearity of both expectation and trace op-
erators, the first inequality follows since tr(B’B) = ||B||% < K||B|3, and the second
inequality follows since mini<r Amin (Q¢) > min;<n <7 Amin(Qi¢). Thus, the first result
of the lemma follows from (C.34), along with Assumptions B.2(i) and B.5(ii). The proof

of the second result is similar. |

Lemma C.10. Under Assumptions B.3(i), B.5(i), and (iv),

T
Y_le(Z) et = Op(N?TJ?).
t=1

PRroOOF: The result follows by the Markov’s inequality, since

T T [N N 2
E lz H<I>(Zt)’€t||41 =E|> (ZZ¢ (2it) ¢(th)€z‘t€jt)
=1

t=1 \i=1j=1

gj
I
i1
M= 11
™M=

M=

> CZ)(Zit),¢(zjt)¢(Zkt),¢(zét)eitejtf’:ktgét]

1¢=1

I
MH
M=
M=

E[¢(zit) ¢(2t) d(2ke) O (200) | E €€ jee kecan]

W
I
—
.
I
—
<
—
=
Il
i
~
Il
fa

T N N N N
< s, Fllolal ]33 33 Eleuccucl

t=14i=1j=1k=1¢

=1
T N N N N
<M max B Gam)) 323030 3N Bl el
SIML]S IS AV, t=11i=1j=1k=14=1

= O(N?TJ?), (C.35)
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where the third equality follows by the independence in Assumption B.3(i), the first
inequality is due to the Cauchy Schwartz inequality, the second inequality follows since
max;<y <7 E[||¢(2i) |*] < J2M? max;<nj<ti<ni<T E[¢?(zit7m)], and the last equality
follows from Assumptions B.5(i) and (iv). [ |

Lemma C.11. Suppose Assumptions B.5(ii) and (iii) hold. Let Q, = E[Q;]. Assume
J >2 and £3log J = o(N). Then

T 5 T 4 2

R T lo J N T lo J
>11Q: - il =0, (%ﬁ) and 3@ = Qellz = O, (%) '
— t=1

PROOF: Recall that Q; = S| ¢(zi)d(2i)' /N. Let n1,...,nx be an iid. sequence of
Rademacher variables. It then follows that

Dy = E[HQt - Qt”%]

4
LN
< 16E HN > nid(zie)p(zie)
i=1 2
- 2
log? J M Lo
< 16CgN72 sup ||p(2)||*E N Z D(zit)P(zit)' ]
z Y= 2
¢4log? IM A
< 16M2C2E S B Qu), (C.36)

where the first inequality follows from the independence in Assumption B.5(iii) and the
symmetrization lemma (e.g., Lemma 2.3.1 of van der Vaart and Wellner (1996)), the
second inequality follows by Lemma C.12 and the fact that ¢(z;) ¢ (i) < sup, ||6(2)]]?,
the third inequality follows since sup, [|¢(2)||? < Msup, ||¢(2)||?> = M3, Let A =
16M2C¢4 log? JM /N2, Combining E[[|Q¢]|3] < 2v/D; + 2||Q:|3 and (C.36) leads to the
inequality: Dy < 2A(v/Dy + [|Q4]|3). Solving the inequality yields

2
Bl — QullY) < (A+ \/A2+2A||cztu%) . (C.37)

Thus, by the fact that max;<7 [|Q¢||2 < max;<n+<7 Amax(Qit) and the Markov’s inequal-
ity, the second result of the lemma follows from (C.37) and Assumption B.5(ii). The first
result of the lemma follows similarly by noting that E[[|Q; — Q¢||3] < (E[[|Q: — Q:||3])"/2.
This completes the proof of the lemma. |

Lemma C.12 (Khinchin inequality). Let S1,...,Sn be a sequence of symmetric k x k
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matrices and 11, ...,nN be an i.i.d. sequence of Rademacher variables. Then for k > 2,

1 N

4
szs'

=1 2

log k

E, <C

2
N;Si

2
2

for some constant C, where E, denotes the expectation with respect to {n;}i<n.

PRrROOF: This is a modified version of Lemma 6.1 in Belloni et al. (2015). The result is
trivial for 2 < k < €5. For k > €5, we have
/L ]
Slogk

log k

a5
1 2

- 1 N logk 4/logk
(s [ ])

L Slog k

252

: (C.38)

where the first inequality follows by (6.44) in Belloni et al. (2015) and the fact that
[ - ||Slogk is the Schatten norm, the second inequality follows by the Jensen’s inequality,
the third inequality follows by (6.45) in Belloni et al. (2015) and Cj is some positive
constant, and the fourth inequality follows by (6.44) in Belloni et al. (2015) again. Thus,
the result of the lemma follows by setting C' = Cge?. |

C.3 Proof of Theorem 4.2

PROOF OF THEOREM 4.2: Let us first look at (C.22). The asymptotic distribution can
be obtained by choosing large J and assuming T not too large such that the terms with
Op(J2%) and O,(J/N?) are negligible relative to the term with O,(J/NT). Thus, the
asymptotic distribution is determined by the term with O,(J/NT'). Specifically, by the
facts that |C + Dp < [Cllr + | D]l and [CD]| < [CllallDllp, (C.3) implies

IVNT(B — BH) — VNTD,BV~Y|p < VNT||VY2|| Ds B| ¢

. B 6 VNT VTJ
+ VNT|B|2[VH2 Y. 1Djllr =0y <JK + \/N> , (C.39)
J#4,5
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where the equality follows by J = o(v/N), Lemmas C.1(i)-(iii), C.2(i), and C.6(ii), along
with the fact that | Dg||p = || Ds||r. Let Lyr = S0, Q7 ®(Z)'es(fi — f)'/V/NT. Since
J = o(V/N), JA/2=%) = o(\/NT/J*). By the fact that |C + D||p < ||C|r + | D|F,
combining (C.39) and Lemma C.13 implies

VNT VTJ JJE logh/*
YIS VIGls T )
J~ VN N1/4

IVNT(B — BH) — LyrB'BM||r =0, (

Note that Ny is a JM x K matrix from the last K columns of N. Thus, the second
result of the theorem follows from (C.40) and Lemma C.14. We now look at (C.5). By
the fact that ||z +y| < ||lz[| + [[y/, it implies

IVNT(a—a) — (Iyar — BB))|[\/N/TE1py — VNT(B — BH)H \f]

+ BVNT(B — BH)a|| < ||(Ija — BB')\/N/TAl7|| = O, (@) , o (C.41)

where the equality follows by Lemma C.3(i). Given the rate of |B — BH||r in Theorem
4.1 and the rate of | NE1p| in Lemma C.4(ii), we may replace all B except those in
B — BH with BH to obtain

IVNT(a —a) — (Iy; — BHH'B')[\/N/TE1r —VNT(B — BH)H ' f]

\/ﬁ+\/ﬁ+ J
J~ VN VNT

+ BHVNT(B — BH)a| = O, ( (C.42)

by noting that J = o(v/N) and J1/27%) = o(/NT/J*). Similarly, given the rate of
H —H in Lemma C.15, we may replace all H except those in B — BH with H to obtain

IVNT(a —a) — (Iyar — BHH'B)[\/N/TE1r — VNT(B — BHYH ' f]
VNT NTJ T >

(C.43)

+ BHVNT(B — BH)a| = op< Tt N + INT

Let {nyr = Y1, Q7' ®(Z;)'e;/V/NT. Given the rate of ||/N/TElr — £y7| in Lemma
C.13, we may replace \/N/TElT with ¢n7 to obtain

IVNT(a — a) — (Iyar — BHH'B')[{xnt —VNT(B — BHYH ™ f]

. VNT VTJ JJI& log*J
+ BHVNT(B — BH) —0,,< SRRy b jw (C.44)
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by noting that .J/v/NT = o(v/J€; log!/* J/N'/4). The arguments in (C.42)-(C.44) are
similar to those for the first result in Lemma C.13. Note that N; is a JM x 1 vector
from the first column of N. Thus, the first result of the theorem follows from (C.44),

Lemma C.14, and the second result of the theorem. |

C.3.1 Technical Lemmas

Lemma C.13. Suppose Assumptions B.1-B.5 and B.6(i) and (i) hold. Let E, Dy, and
V' be given in the proof of Theorem C.1, and {nxT and Lyt be given in the proof of
Theorem 4.2. Assume (i) N — oo; (i) T > K + 1; (i) J — oo with £3log J = o(N).
Then

o 1 VIE log!t
1 N
IVNTD,BV~" — Ly B'BM||r = O, (J(n1/2) TN

and

. VI logh/4 g
W N/TElr — Enrl| = Op (“) :

N1/4

where M is a nonrandom matriz given in Lemma C.15.
PRroOOF: For the first result, we have the following decomposition

VNTD,BV ™ = \/N/JTEMyFB'BM +/N/TEMrFB' (B — BH)V ™!
N/TEMyFB'B(HV ' -~ M)=Ti + T2 + Ts. (C.45)
Therefore, it suffices to show that |77 — LyrB'BM|r = O,(v/JE;log!/* J/N/4),
| Tallr = Op(JV/2 4 J32 N+ J/VNT) and || Ts[| = Op (/29 4.J3/2 /N +J/V/NT).

The first one holds, since

|71 — LnrB'BM||p < || B|j3]|M |2 Z Q' )O(Z) s fy
F
+ IBI3IM]l2] £ HFZ Q! VO (Zy) ey
VIE logh/t g
0, (%) , (C.46)

where the equality follows from Assumptions B.2(i) and (ii), as well as Lemma C.16.

The latter two follow by a similar argument. The second result also follows by a similar
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argument as in (C.46). This completes the proof of the lemma. |

Lemma C.14. Suppose Assumptions B.2(ii), B.3(i), (ii), B.5(i)-(iit), and B.6(ii) and
(iii) hold. Let {x7 and Lyt be given in the proof of Theorem 4.2. Then there exists a
JM x (K + 1) random matriz N with vec(N) ~ N(0,) such that

J5/6
|(€nT, LnT) — N|[F = Op (Nl/6> '

PROOF: Let ¢ = Y-y fi ® Q7 'é(2u)eir/VNT. Then vec((Unt, Lnt)) = SN, G.
Note that F[(;] = 0 by Assumptions B.3(i) and (ii), and (1,...,{y are independent by
Assumptions B.3(i), B.5(iii), and B.6(ii). Moreover,

3/2
Z HCZH < Z HCZH 3/4 <<\]/N> ) (C'47)

=1
where the inequality follows by the Liapounov’s inequality, and the equality follows from

Assumptions B.2(ii), B.5(i), (ii), and B.6(iii) because

1
N2T2

BlllGl" =

T T 2
(ZZMzit)’Q;le1<z><zis>f3’fisitais>]
t=1s=1

T T T T

< CnT <matx E[”(ZS(th || N2T2 Z Z Z Z ‘E Eztgzsgzugw”

t=1s=1u=1v=1
QMQTTTT

< .
CNj;n<My]<Jz<Nt<T 6] (zitm)] N2T?2 ;;;;'E eusisciein]l,  (C48)

—4 the first inequality follows by

where Cnr = maxi<r HftT||4(mini§N¢§T Amin (Qit))
the independence in Assumption B.3(i), the Cauchy-Schwartz inequality, and the fact
that ming<7 Amin(Q¢) > mini<n <7 Amin(Q4t), and the second inequality follows since
MAaX;< N(<T E[H¢(Zzt)H4] < J?ZM? MAX < M,j<Ji<Nt<T E[qb (zit,m)]. In addition, Q =
Elvec((¢nt, LnT))vec(({nT, LyT))']. Thus, Lemma C.17 implies that there is a JM x

(K + 1) random matrix N with vec(N) ~ N(0,) such that

J5/6
[(Lnr, nt) — NP = [[vec((Lnr, InT)) — vec(N)[| = Op <N1/6> : (C.49)

This completes the proof of the Lemma. |

Lemma C.15. Suppose Assumptions B.1-B.4 and B.6(i) hold. Let V be given in the
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proof of Theorem C.1. Assume (i) N — oo; (i) T > K + 1; (ii) J — oo with
J =0(V/N). Then

1 J VT 1 J VI
H= — = dHV ™ = — =
H+OP<JK+N+ NT) an Vv M+Op<JK+N+ NT)’

where H = (F'MgpF/T)Y2YV=12 M = HV™', V is a diagonal matriz of the eigen-
values of (F'MrpF /T)'/? B'B(F'MpF/T)Y? and Y is the corresponding eigenvector
matriz such that Y'Y = Ix.

PROOF: By the definition of B, (YMTY’/T)E = BV. Pre-multiply it on both sides by
(F'M7F/T)?B’ to obtain

(F'MpF/T)Y2B'(Y MyY'/T)B = (F'MyF/T)Y*B'BV. (C.50)

To simplify notation, let dy7 = (F'MrF/T)Y/2B' (Y MyY'/T — B(F' My F/T)B')B and
Rnr = (F'MpF/T)Y2B'B. Then we can rewrite (C.50) as

[(F'MyF/T)Y?B' B(F' My F/T)Y? 4+ §n7 Ry Ryt = RtV (C.51)

Let Dyt be a diagonal matrix consisting the diagonal elements of Ry,Ry7. Denote

TN = RNTD;,;/Z, which has a unit length. Then we can further rewrite (C.51) as
[(F'MypF/T)Y?B' B(F' My F|T)Y? 4+ §nr Ry Ynr = YnrV, (C.52)

which implies that (F' M7 F /T)Y2B'B(F' My F/T)"?+§x7 Ry} has eigenvector matrix
YTnr and eigenvalue matrix V. Since Ryp = (F'M7pF/T)Y/2B'BH + 0,(1) by simple
algebra and Theorem C.1, Ry = O,(1) by Assumptions B.2(i)-(iii) and Lemma C.2.
This, along with (C.11) and Assumptions B.2(i) and (ii), implies

_ 1 J VI
5NTRN1T = Op (Jn + N + \/ﬁ) . (0.53)

Since the eigenvalues of (F'MpF/T)B'B are equal to those of (F'MpF/T)'/?B'B
(F'MpF/T)'Y/2, the eigenvalues of (F'MpF/T)'/2B'B(F' MypF/T)'/? are distinct by

Assumption B.6(i). By the eigenvector perturbation theory, there exists a unique eigen-
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vector matrix Y of (F'MpF /T)/?B'B(F'MyF /T)Y/? such that

1 J J
Ynr=T+0, <ﬁ +5 T fTT) : (C.54)

By (C.11), Ry,Rnt = B'B(F'MrF/T)B'B = B'(YMrY')T)B + O,(J % + J/N +
VI/VNT) =V +Oy(J %+ J/N ++/J/V/NT). This implies that

VT ) (C.55)

1
D —
Nt =V +0, ( N \/7

Recall that H® = (F’MTF/T)B’B?V_1 as given in the proof of Lemma C.2(i). Thus,
by (C.54) and (C.55), H® = (F'MpF/T)Y2Ryp V=) = (F'MpF/T)Y2Y yy DAV~ =
H+O,(J "+ J/N ++/J/NT), which together with (C.12) and (C.13) leads to the first
result of the lemma. The second result of the lemma follows from (C.12), the first result
of the lemma, and Lemma C.2(i). [

Lemma C.16. Suppose Assumptions B.1(i), B.2(ii), B.3(i), (ii), B.5, and B.6(ii) hold.
Assume J > 2 and £2logJ = o(N). Then

) JE7 1 1/4J
H Z: )@(Z1) ey B =0, (%)
and )
JE5 1 J
[ o -antmeate] =or (S517).

PrROOF: Let T = 321 (Q;' — Q7 H)®(Zy) erf!/V/NT and E. denote the expectation
with respect to {e;}+<7. Since ||A||% = tr(AA'),

E(|T|%) =
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T /N T 2\ 1/2
NTNT (Z (ZZ||¢(Zit)H||¢(Zis)”|E[5it5is]|> ) 7 (C.56)

i=1s=1

where Cyp = (mint<T Amin(Q1)) ™ [(ming<r Amin (@1)) ™ + (mini<n <7 Amin(Qir)) ™)
(it <7 Mmin (Qur) ™! maxyer | fill2 and O = Chor (S 1101 — Qull3)2, the sec-
ond equality follows from the independence in Assumption B.3(i) and the linearity
of both expectation and trace operators, the third equality follows by Assumption
B.3(ii) and the independence in Assumption B.6(ii), the first inequality follows since
ming<7 Amin(Q¢) > minj<n <7 Amin(Qit), and the last inequality is due to the Cauchy-
Schwartz inequality. Moreover, we have

t=1 \i=1s=1

T N T 2
By (ZZH¢(Zit)H\|¢(zz~s)IIIE[Eiteis]l> ]

2

T N T
< . .
Jnax ElloGall'] > (ZZ \E[enewu)

t=1 \i=1s=1

T /N T 2

< 2012 mgM,j?%féN,m HE ; (;;W[eiteis“) : (C.57)
where the first inequality is due to the Cauchy-Schwartz inequality, the second one
follows since max;<py <7 Elll¢(zi)|Y] < J2M? MAX < M,j< Ji<N,t<T E[¢ (zit:m)]. By
Assumptions B.1(i), B.2(ii), and B.5(ii), along with Lemma C.11, we obtain that
Cxr = 0,(VT€;\/logJ/VN). Combining this, (C.56) and (C.57) implies that
E.[|T|%] = O,(J€;/Tog J/VN) by Assumptions B.5(i) and (iv). Thus, the first re-
sult of the lemma follows by the Markov’s inequality and Lemma C.5. The proof of the

second result is similar. |

Lemma C.17 (Yurinskii’s coupling). Let (i,...,(x be independent random k—wvectors
with E[¢;] = 0 for each i and 8 = YN | E[||G|°] finite. Let S = >-N | . For each § > 0,
there exists a random vector S in the same probability space with S with a N(0, E[SS’])

distribution such that

P{||S — S|l > 36} < CoDo (1 + llg(lk/Dtm)

for some universal constant Cy, where Dy = fké 3.

PROOF: This is the Yurinskii’s coupling, see Theorem 10 in Pollard (2002). |
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C.4 Proof of Theorem 4.3

PrROOF OF THEOREM 4.3: Let us begin by defining some notation. For A; = A; =
R(Z) + A(Zy) fr and ey, let Af = (®(Z)"®(Z)) ' ®(Z)" Ap. Let A* = (A%,...,A%)

and E* = (&1,...,&%). Then we have
Y* = ally + BF' + A* + B, (C.58)

where 17 denotes a T' x 1 vector of ones. Recall Mp = Iy — 171, /T. Post-multiplying
(C.58) by Mr to remove a, we thus obtain

Y*Mp = B(MrpF) + A* My + E* M. (C.59)

Recall that V is a K x K diagonal matrix of the first K largest eigenvalues of Y MpY’ /T
as defined in the proof of Theorem 4.1, H = F'MpF(F'MpF)™', and F'MpE /T =V as
showed in the proof of Theorem 4.1. By the definitions of B*, B* = Y* My F(F' MpF)~!
We may substitute (C.59) to it to obtain

B* — BH = [(A* + E*)M7Y'/T|BV ! Z DiBV !, (C.60)

where in the first equality we have used F'MpF/T =V and F' = Y'B, in the second
equality we have substituted (C.2) into the equation, and Df = A*MpFB'/T, D} =
A*MypA'/T, D5 = A*MrE')T, D = E*MyFB'/T, Df = E*M7E')T, and Df =
E*MpA’ /T. We can conduct the same exercise as in (C.39) to obtain

IVNT(B* — BH) = VNTD;BV'|p < VNT|V |2 D; B

- 0 VNT VTJ
+VNT|Bl2/V~Hl2 Y (1D} lIF = Oy (H + > , (C.61)
s / VN

where the equality follows by J = o(v/N), Lemmas C.18 and C.2(i). Let LY, =
ST Q7 ®(Z) e (fe — f)!/VNT. Since J = o(v/N), J/2=5) = o(\/NT/J*). By the
fact that |C + D||r < ||C||r + || D||F, combining (C.61) and Lemma C.19 implies

. VNT VIE logh/t g
IVNT(B* — BH) — L5 B'BM||p = p< T +‘/\/;+ fo/i > (C.62)
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Let Lip = S0, Q7 ®(Z)* — ®(Z)ee(fe — f)!/VNT = L3 — Lyr. Note that
VNT(B* — B) = V/NT(B* — BH) — VNT(B — BH). By the fact that ||C + D||p <
IC|lF + || D||F, we now may combine (C.40) and (C.62) to obtain

1/4
\/NT+\/TJ+\/J§J10g J (C63)
Jr \/N N1/4

IVNT(B* ~ B) - LirB'BM|r = O, (

Note that Nj is a JM x K matrix from the last K columns of N*. Thus, the second
result of the theorem follows from (C.63) and Lemmas C.5 and C.20. We now show the
first result of the theorem. By the definition of a*,

a*—a=—B*(B"B")"YB*~BH)a+ (I;;;— B*(B*B*)"'B")(BH — B )H ' f
+ Iy — BY(BYB*)"'B*")A*17/T 4 (I;0 — B*(BYB*)"'B*)E*17/T, (C.64)

where H~! is well defined with probability approaching one by (C.4) and Lemma
C.2(ii), and we have used «’/B = 0 and (I;y — B*(B¥B*)"'B*)B* = 0. Let
=31, Q7 ®(Z,)e;/V/NT. By a similar argument as in (C.41)-(C.44), we have

IVNT(a* — a) — (Iyar — BHH' B[ty — VNT(B* — BHYH™'f

VNT T VJE  logh/4
L YIS VI ls 7T (C.65)
JE /N N1/4

+ BHVNT(B* — BH)'a|| = O, <

by noting that H'B'BH = Ix. Let Oyp = St Qp H®(Zy)* — ®(Zy)) et /VNT = €55 —
{n7. Note that vVNT(a* —a) = VNT(a* —a) — VNT(a — a) and VNT(B* — B) =
VNT(B*— BH) —/NT(B — BH). By the fact that ||z +y| < |z| + |ly|, we now may
combine (C.44) and (C.65) to obtain

|[VNT(a* — @) — (I;p — BHH'B)) [ty — VNT(B* — BYH ' f

A VNT  TJ  JJE log"*J
+BH\/NT(B*—B)’a|:Op< ot %fﬁ ) (C.66)

Note that Nj is a JM x 1 vector from the first column of N*. Thus, the first result of
the theorem follows from (C.66), the second result of the theorem, and Lemmas C.5 and
C.20. This completes the proof of the theorem. |
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C.4.1 Technical Lemmas

Lemma C.18. Let D}, D3, D3, Dz, Dg be given in the proof of Theorem 4.3.

(i) Under Assumptions B.2(i), (ii), (iv), B.7(i), and (i), || D}||% = Op(J~2%).

(ii) Under Assumptions B.1(i), B.2(ii), (iv), B.7(i), and (ii), | D3||% = Op(J~4%).

(iii) Under Assumptions B.1, B.2(ii), (), B.3, B.1(i), (ii), | D}||%=O,(J "2~ J/N).
(iv) Assume (i) N — oo; (ii) T > K + 1; (iii) J — oo with J*¢3logJ = o(N). Under
Assumptions B.1-B.5, B.7(i), and (ii), | DEB||% = O,(J/N?).

(v) Under Assumptions B.1, B.2(i), (i), B.3, B.7(i), and (i), | D§||% = Op(J ™2 J/N).

PROOF: (i) Since |[Mr|2 = 1, || Di||r < | Bll2||F|l2||A*||#/T. The result then immedi-

ately follows from Assumptions B.2(i) and (ii), as well as Lemma C.21(i).

(i) Since || Mr|l2 = 1, | Dilr < ||A|l¢||A*||7/T. The result then immediately follows
from Lemmas C.3(i) and C.21(i).

(iii) Since ||Mr|ls = 1, |[Dillr < |A*|F||E||p/T. The result then immediately
follows from Lemmas C.3(ii) and C.21(i).

(iv) Since |Mr|2 = 1, |DiB||r < |B'E||r||E*||r/T. The result then immediately
follows from Lemmas C.7(i) and C.21(ii).

(v) Since || M|z = 1, | D§||r < |Allp||E*||#/T. The result then immediately follows
from Lemmas C.3(i) and C.21(ii). [

Lemma C.19. Suppose Assumptions B.1-B.5, B.6(i), (it), B.7(i), and (ii) hold. Let V'
be given in the proof of Theorem C.1, and E*, Dy, Oy, and Lyr be given in the proof
of Theorem 4.5. Assume (i) N — oo; (i) T > K +1; (iii) J — oo with £3log J = o(N).
Then

N 1 JITE logt/4
IVNTD;BV ! — L3 B BM||p = O, ( 1 YISy tos J)

J(nfl/Z) N1/4
and 14
= - VJEslog*J
Iy N/TE 17 = fyrl| = Op (Nl/4> ,

where M is a nonrandom matriz given in Lemma C.15.
PROOF: For the first result, we have the following decomposition
VNTD;BV™' = \/N/TE*MyFB'BMy + \/N/JTE*MpFB'(B — BH)V ™!
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N/TE*MrFB'BHV ' -~ M)=Ti + T2 + T. (C.67)

Therefore, it suffices to show that |77 — L3B'BMa|r = O,(v/JE log!/* J/N/4),
IT2llr = Op(JU/27%) 4 32N + J/v/NT), and || Ts|lp = Op(J/27%) 4 J3/2/N +
J/VNT). The first one holds, since

ITi — LN B'BM|F < IIBH§IIMII2 ) (Z:)"erf;
t 1 F
T
+ Bl IIM]l2| £l HF; C®(Z) e
VI log!/* g
=0, (‘]’Vm : (C.68)

where the equality follows from Assumptions B.2(i) and (ii), along with Lemma C.23.
The latter two follow by a similar argument. The second result also follows by a similar

argument as in (C.68). This completes the proof of the lemma. |

Lemma C.20. Suppose Assumptions B.2(ii), B.3(1), (i), B.5(i)-(ii), B.6(ii), (iii),
B.7(1), and (iii) hold. Let Oy and Ly be given in the proof of Theorem 4.3. Assume
J = o(\/N). Then there exists a JM x (K +1) random matriz N* with vec(N*) ~ N (0, Q)
conditional on {Y:, Zi}1<1 such that

J5/6
(7, L) — VwoNT|[p = Op (Nl/ﬁ> :
PrROOF: Let ¢ = (w; — 1)1, f;r ® Q7 'é(zit)ei/V/NT. Then vec(( N LNT)) =
Zi]\;l Gi. Let E,, denote the expectation with respect to {w;}i<ny. Then conditional
on {Y;, Zi }i<r, Ey[G] = 0 and (i, ...,y are independent by Assumption B.7(i). To
proceed, let Qyp = SN, ST ST (A1) @ Q7 d(zi) d(2is) Q7 teieis/NT.  Then
Ey[vec((Chps Lyp))vee((Uhps L))l = wolnr. We now apply Lemma C.17 to the
independent random vectors (i, ..., {n conditional on {Y;, Z; }+<7. There exists a JM x

(K +1) random matrix N** with vec(N**) ~ N (0, Qn7) conditional on {Y;, Z; }+<7 such
that the following holds:

[vee((Exrs L)) — Vagvee(N™)| = Ope ((J8)/?)), (C.69)
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where 8 = SN | E[||¢]]?]. Next, we calculate 3. To the end, we first calculate

E(IG 1) = Ellwn ~ 1)) 53755

M’ﬂ

(

t=1s

2
¢ Zzt)/Qt_le1¢(Zis)f;rlf;r€it€is> ]

M= L
M=
M=
M=

1
< E )14 Eleic:.cr e
_CNTZ,SIJI\}%);T [H(b(ZZt)H]N2T2 t:1s:1u:11}:1’ [Eztfzsgwgw”
\ BV R
< o B e A S5 55 ), (€T

where Cy7 = E[(w; — 1)* max,<r ||fg||4(mini§N,t§T Amin(Qi¢)) ™%, the first inequality
follows from the independence in Assumption B.3(i) and the Cauchy-Schwartz inequality,
as well as the fact that mini<7 Apin(Q¢) > minj<n+<7 Amin(Q4t), and the second one

follows by mMax;<Nt<T E[H(b(zzt)H ] < J2M2 MaXm<M,j<Ji<Nt<T E[¢ (th m)] ThUS,

N N J3/2
= ElGI°] Z [l D = (JN) (C.71)

=1 i=1
where the inequality follows by the Liapounov’s inequality, and the last equality follows
from (C.70) and Assumptions B.2(ii), B.5(i), (ii), B.6(iii), and B.7(i). We now may
combine (C.69), (C.71), and Lemma C.5 to obtain

* * k% ‘]5/6
Ivec((Cnr, L)) — Vwovee(N™)[| = Op (]\71/6> : (C.72)

By Assumption B.7(iii) and Lemma C.25, Q;\[lT/Q is well defined with probability ap-
proaching one since J = o(v/N). Define N* such that vec(N*) = QI/QQ;]lT/%eC(N**).
Then vec(N*) ~ N (0, ) conditional on {Y;, Z; }1<7. It follows that

[vee((Unr, L)) = VwoN* |7 < [lvec((Cyr, Livr)) — Vewovee(NT)]|

J5/6 J3/2 J5/6
+ /wo|vec(N*) — vec(N™)|| = O, <N1/6 + m) =0, <N1/6> , (C.73)

where the first equality follows by (C.72) and the fact that |vec(N*) — vec(N**)|| <
QN2 — Q1/2||y || Qe vec(N™)|| = O,(J32/V/N), which is due to Lemma C.25. This

completes the proof of the lemma. |

Lemma C.21. Let A* and E* be given in the proof of Theorem 4.5.
(i) Under Assumptions B.2(ii), (iv), B.7(i), and (i), | A*||%/T = Op(J~2).
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(ii) Under Assumptions B.1(ii), B.8, B.7(i), and (i), |E*||%/T = Op(J/N).

PROOF: (i) By the facts that ||Az|| < ||All2||lz] and ||All2 < ||A||F,

HIA"E = 2 Zn (2)"2(20)) " B(Z)" (R(Z) + A(Z) )P

1 1 T N
< 2max||ft|| (mln Amin ( Qt ) ZZWH& (zit)]
NT t=11i=1
1 & & 1
+2 <m1n)\mm Q7) > ~NT ;;wl\r zi)|? = (J2H> , (C.74)

where the last equality follows from Assumptions B.2(ii) and B.7(ii), along with Lemma
C.22(i).

(ii) By the fact that ||Az| < [|Al2||z||,

1 [ * — *
FNENF == ZH ()" ®(Z0) ™' (Z1) el

) T
. A% 1 * 2 J
< (miphoia(@)) 37 S 2(Z)=” = 0y (%) (©m
where the last equality follows from Assumption B.7(ii) and Lemma C.22(i). [

Lemma C.22. (i) Under Assumptions B.1(ii), B.3, and B.7(i),

T
> _l1@(Z)"ee]|* = Op(NTJ).

(7i) Under Assumption B.2(iv) and B.7(1),

T N T N
ZZU}ZHé (zit) H2 = Op(NTJ*Z'ﬂ) and ZZwﬂr(zit)P = Op(NTJ*ZH).
t=1i=1 t=1i=1

PROOF: (i) The result follows by the Markov’s inequality, since

T N N
Z Z Z (;5 Zzt Z]t EpEjtWiWy

t=11=1j=1

E lZ\@ (Z)* 5,5]\2] =FE

t=1

T N N
=Y >3 El¢(zit) ¢(2e)| Eleie je) E[wiw;)

t=1i=1j=1
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T N N
< Bluf] max Ellé()I13 > 3 [Eleue

<N <
Nt<T t=111=1j=1

< = .
_TJME[wl}m<M’Jr<nJ1<Nt<T (67 (2it,m) m_axzz;;\E encjt]| = O(NTJ), (C.76)

where the second equality follows by the independence in Assumptions B.3(i) and B.7(i),
the first inequality is due to the Cauchy Schwartz inequality, the second one follows by
max;< <1 Ell|¢(2it)||?] < JM maxy<irj<ri<ni<t El¢3(zitm)], and the last equality
follows from Assumptions B.1(ii), B.3(iii), and B.7(i).

(iii) The first result follows since

T N
ZZwZM zit)||? < TKM? S}Q%MSQPM’W" z)[2 sz = O,(NTJ %),  (C.77)

t=11i=1

where the inequality follows since w;’s are positive and max;<n <7 ||0(2i)|*> < M2K

SUP< K.m< M SUD, |Okm,7(2)[?, and the equality follows by the law of large numbers and

Assumptions B.2(iv) and B.7(i). The proof of the second result is similar. [ |

Lemma C.23. Suppose Assumptions B.2(ii), B.3(i), (ii), B.5, B.6(ii), B.7(i), and (i)
hold. Assume J > 2 and £2logJ = o(N). Then

1 K.
H\/W QI = Qi H®(Ze) e f]

(N/Jg, log'/4 J)
= Op _—
F

= N1/4
and ,
1 . _ . VI  logt/* J
Z( t t— Q; l)q)(Zt) ‘et = Op 3 1/g4 .
VNT = N
PROOF: Let 7 = YL (Qi ™1 — Q;1)®(Z)¥e,f//v/NT and E. denote the expectation

with respect to {e;}1<7. Since ||A||% = tr(AA'),

T
BT = i [ (3 3000 - 0ot stz @ - 0. )
t=1s=1
T

N
= % SO wie(en) (@ = Q@ — QM2 w) fl f Eleineis)
1

i=1j=1t=1s=1

N T
= 7 2 2. 2o wio(z) Q7 = Qi NQT - Q)i fi o Eleasi

i=1t=1s=1
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N T T

1 .
< Cnryp ZZ Y105 = Qell2wfllé(zio) |6 (zis) | Eleieis]]

=1t=1s=1

1 T /N T 2\ 1/2
< CNT T (Z ( Zw?ll(b(zz't)ll||¢(Zis)H|E[€it€isH> ) : (C.78)
—1

i=1s=1

where Cip = (ming<r Amin(QF)) 7 [(mins<r Amin(QF) ™ + (mini<n 1< Amin(Qir)) ]
< (it < Amin(Qir))~  maxier A2 and Cip = Cip(S 107 — QuZ)Y2, the
second equality follows from the independence in Assumptions B.3(i) and B.7(i) and the
linearity of both expectation and trace operators, the third equality follows by Assump-
tion B.3(ii) and the independence in Assumption B.6(ii), the first inequality follows
since mins<r Amin (Q¢) > minj<n+<7 Amin(Qit), and the last inequality is due to the

Cauchy-Schwartz inequality. Moreover, we have

T /N T 2
B> (ZZwz'2||¢(zit)”||¢(Zis)|||E[5it6is]|) ]
t=1 \i=1s=1

2

T N T

< E[wﬂ <IJI\1[a§TE (=it H Z (ZZ [eitis] >
t=1 \i=1s=1

2

T T
< J2M2E e )
J2M?E[wi] mSM,jrSn%szN’KT ] (Zit,m tz; (Z Z |E[5zt523”> , (C.79)

= i=1s=1

where the first inequality follows by the Cauchy-Schwartz inequality and the inde-
pendence in Assumption B.7(i), the second one follows since max;<n <7 E[||¢(2it)||4]
< J?M? max,< M j<Ji<Ni<T E[qb (zit,m)]. By Assumptions B.2(ii), B.5(ii), B.7(ii), and
Lemma C.24, C5y = O,(VT€+/Tog J/v/N). Combining this, (C.78) and (C.79) implies
that E.[|T|%] = Op(J¢sv/log J/v/N) by Assumptions B.5(i), (iv), and B.7(i). Thus,
the result of the lemma follows by the Markov’s inequality and Lemma C.5. The proof

of the second result is similar. |

Lemma C.24. Suppose Assumptions B.5(ii), (iii), and B.7(i) hold. Assume J > 2 and
€2logJ = o(N). Then

T 2

Ay T&éS log J
DQF = Qi3 =0, | =)
t=1 N

PROOF: The proof is similar to the proof of Lemma C.11, thus omitted for brevity. W

Lemma C.25. Suppose Assumptions B.2(ii), B.3(i), (ii), B.5(i)-(ii), B.6(ii), (iii),
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and B.7(iii) hold. Let Qnr be given in the proof of Lemma C.20. Then

1/2 J
I35~ 01212 = 0, ()

PRrROOF: We first show | Qn7—Q||% = O,(J?/N). Let G = S0 i0Q; "é(zi)ei/VNT.
Then Qyp = 3%, (¢} and Q = Y E[G¢]]. Since [|Al|3 = tr(AA),

E[|Qnr — QF] = E

N N
tr (ZZ CZCZ CzCz (CJCJI - EKJC],])/)]

al 2
J
2 4y
;( (66" = I1BGCHIF) < Nmax BIIGI] = O <N> (C.80)
where the second equality follows because (i, ...,(n are independent by Assumptions

B.3(i), B.5(iii), and B.6(ii), and because both expectation and trace operators are linear,
the inequality follows by the Cauchy-Schwartz inequality since ||E[¢;¢/]||% > 0, and the
last equality follows from (C.48) and Assumptions B.2(ii), B.5(i), (ii), and B.6(iii). Thus,
Q8T — Q||% = O,(J?/N) follows from (C.80) by the Markov’s inequality. The result of
the lemma follows from Assumption B.7(iii) and Lemma A.2 of Belloni et al. (2015). W

C.5 Proof of Theorem 4.4

PROOF OF THEOREM 4.4: In order to show the first result, we assume that Hg is
true. Since &(ziy) = a'¢(zit), B(Zit) = B’gf)(zit), azi) = d'¢(zi) + r(zie) = 'z, and
B(zit) = B'¢(zit) + 6(2it) = Iz, we have

S = (3 =)'zt — (@ — )’ $lzae) + 7 (2ut) |

-
M=

~
Il
_
-
I

1

A A

I(D =T H)2ie — (B — BH)'¢(2it) + H'8(zi0) ||

H
M=
M=

s
Il
—
o
Il
—

(=) 2z — (a— a),¢(zz‘t)|2 + 81 42852 + 2855

1
-
Fj S

S
I
—
~+~
I

1

A

(D —=TH) 2y — (B — BH) ¢(2i)||* + Sa + 2S5 + 28, (C.81)

H
-
M=

Il
—

i=1t=1

where 81 = ZzT:l Zi\il ‘T(Zit)|2/c77 S = Ez 1 Zt 1 zn(’)’ Y)r <zzt)/J S3 = Zi]\il Zthl
d(zi) (@ — a)r(zi) /T, Su = S0y Ly |1 H '8 (za) |12/, S5 = Sy S (D — TH)H'
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8(zit)/J, and Sg = SN ST ¢(2it)' (B — BH)H'6(2i4)/J. Let Wyt = (VNT(§ —
v), =V/NT(a —a)), Wyr.s = (WNT(L =TH), —/NT(B — BH)'), Wyt = WnT.0,
Wyr.g), and @ = SN ST (2, ¢(zi)) (2, #(2i))/NT. By Lemma C.26, (C.81)
implies

1
J

1 ~
= S — jtr(W]/VTQWNT) = Op (

. 1 R
S — W1, QWNT.0 — jtf(WEVT,B QWNT,B)

VNT
Ty oo

Let Q = E[Q], W, = (G, —G,), Wp = (G, —G)’, and W = (W,, W), where G,
and Gr are given in Lemma C.27. By Lemmas C.27 and C.28 and Theorem 4.2, (C.82)

implies

1 1
S— jWQLQWa - jtr( 'sOWp)
1 , VNT  JY3 & log! /4T T
— S — jtr(W QW) = Op (J“+1/2 —+ N1/6 —+ N1/4 =+ N . (083)

Let Wip, = (VNT/wo(7* —4), —/NT/wo(a* — a)')', Wirp = (VNTJwo(I* =T,
—VNTJa(B*~BYY, Wy = Wipas Wi p), Wi = (G, G2, W, = (G, ~G3),
and W* = (W3, W3), where G and Gf. are given in Lemma C.29. Then (21) can be
written as S* = Wil ,OWiro/J + ttOWN 1 5 QWi p)/J = ttOV§pOQWir)/J. By
Lemmas C.5, C.28, and C.29, along with Theorem 4.3,

. 1

1
W QW; — Stx(WHQW})

S 7
INT — JY3  JEsloght g T)

Jrt1/2 + + T\~

T e = (C.84)

1
= 8" — Stx(WYQW") = 0, (

Let yyr = (VNTJ % 4 J5/6 /NVS 4\ /T€  log"/* J /N4 4+ \/TJ/N)/2, which is o(1)
by the assumption. Let ¢g1—q be the 1 —a quantile of tr(W*QW*)/.J, which is also the
1 — «a quantile of tr(WQW)/J. Then in view of (C.84), Lemma A.1 of Belloni et al.
(2015) implies that there exists a sequence {vyr} such that vy = o(1) and

P(ci—a < €01—a—vyg — ’yNT/\/j) = o(1), (C.85)
P(ci—a > c01—atvns + WNT/\ﬁ) =o(1). (C.86)
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Note that tr(WQOQW) = vec(W) (Ix ® Q)vec(W). Since Q has rank not smaller than
JM — M and the variance of vec(Gpg) has full rank, tr(W QW) is bounded below by
a random variable with a chi-squared distribution with degree of freedom JM — M
multiplied by a constant, and above by a random variable with a chi-squared distribution

with degree of freedom JM multiplied by a constant. Thus, it follows that

P(S < ci_q) < P(tr(WQOW)/J < ¢1—a 4+ yn1/VJ) + 0(1)
< P(tr(W )/J < Col—atvyr T+ 2'7NT/\/3) + 0(1)
< P(tr(W )/\/j < \/360’1_Q+I,NT + 2’)’NT) + 0(1)
( )

< P(tr(W QW) /VJ < VJco1—atvns) +0(1)
—a+vnr+o(l)=1—a+o(l), (C.87)

IN
—_

where the first inequality follows since P(|S — tr(G'QG)/J| > ynr/VJ) = o(1) due to
(C.83), the second inequality follows from (C.86), and the fourth inequality follows since
vt = o(1) and tr(W QW) is bounded by chi-squared random variables. By a similar
argument, P(S > ¢j—) < 1—a+o(1). Therefore, the first result of the theorem follows.

To show the second result, we now assume that Hj is true. Since (x + )% > 22/2 — ¢,

2 52 LS S ¥ B — <2 3 [(ea) — B P
(2 (2 (] (]
NT NTZ:M:1 — =
9o N T
—NTZZW,Z“:—Q Zit | > ¢ + 0p(1) for some cg > 0, (C.88)

i=1t=1

where the second inequality follows from Lemmas C.30 and C.31. We have

S S iZIW*—Wm% : §Nj§:|<a*—a>'¢<z't>\2
NT™ = NTwy = = NTwy & =
2 2:2 : 2 _
NT(.U ;;H ZZtH NTLU — 1” ZZt)H _Op(l)a (089)

where the equality follows from Lemma C.32. In view of (C.89), Lemma A.1 of Bel-
loni et al. (2015) implies that 2¢1_oJ/(NT) = 0p(1). This together with (C.88) thus

concludes the second result of the theorem. |
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C.5.1 Technical Lemmas

Lemma C.26. Let 51,89,83,84, S5, 8¢ be given in the proof of Theorem 4.4. Assume
(i) N = oo; (i5) T > K +1 and T = o(N); (i) J — oo with J*¢%logJ = o(N) and
NTJ~C5HD = o(1). Assume that Hy is true.

(i) Under Assumption B.2(iv), S; = Op(NTJ~(5+1)),

(ii) Under Assumptions B.1-B.6, B.8(i)-(iii), So = Op(v/NTJ~ (1),

(iii) Under Assumptions B.1-B.5, S3 = O,(v/ NTJ~(++1/2)),

(i) Under Assumptions B.1-B.3, Sy = O,(NT J~(2++1)),

(v) Under Assumptions B.1-B.6, B.8(i)-(iii), S5 = Op(v/ NTJ~(++1)).

(vi) Under Assumptions B.1-B.5, Sg = O,(v/NT J~(1/2)),

PROOF: (i) The proof is similar to the proof of (iv).
(ii) The proof is similar to the proof of (v).
(iii) The proof is similar to the proof of (vi).
(iv) It follows that
T T
Se<|HIZY Y I6(zie)?/J < (NT/ D) H|3M?K  sup Sgp|6km,J(Z)|2a (C.90)

i=1t=1 k<K,m<M

where the second inequality follows by maxj<ni<r [6(zit)||? < M2K supgciem<m
sup, |6km.s(2)|2. Thus, the result of the lemma follows from (C.90), Assumption B.2(iv),
and Lemma C.2(i).

(v) By Assumption B.8(ii), XN, ST, [|zit||?/NT = O,(1) by the Markov’s inequal-
ity. It then follows that

1 T T N T
DI~ TH) z | < |F T H]| 3 ZZH%HQ
izlt:l

i=1t=1
1 T T 1
=0 (J T NJ) =% <J> ’ (C.91)

where the first equality follows from Lemma C.27, and the second equality follows since
T =o(N), NTJ-@+1) = o(1), and J = o(v/N). By the Cauchy-Schwartz inequality,

1/2

rs5<si/2( >SS - w) : (C.92)

i=1t=1
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Thus, the result of the lemma follows from (C.91), (C.92), and Lemma C.26(iv).

(vi) By the fact that ||z|?> = tr(za’),

1 T T R N T . A A
D NB = BHY ()| = 5 > tr (B~ BH)'Qu(B ~ BH))
i=1t=1 =1
NT A A NT T
< @08 — BHIE = 0, (s + 5 +1) = 0,0, (C9)

where the second equality follows from Assumption B.1(i) and Theorem 4.1, and the
last equality follows since T'= o(N) and NT.J~(%t1) = o(1). By the Cauchy-Schwartz

inequality,

1/2
A
1S < 8,7 <J > IB - BH)/¢(zit)H2> : (C.94)
i=11=1
Thus, the result follows from (C.93), (C.94), and Lemma C.26(iv). [ |

Lemma C.27. Suppose Assumptions B.1-B.6 and B.8(i)-(iii) hold. Let# and I be given
in Section 4.3. Assume (i) N — oo; (ii) T > K + 1; (iii) J — oo with J*¢%logJ =
o(N). Let ., =N T ST rifir g Q;%E[zitzgs]Q;’iE[eiteis]/NT, where Q. =
SN Elziu2,]/N. Assume that Hy is true. Then there exists an M x (K + 1) random
matriz N, with vec(N;) ~ N(0,(2;) such that

NT TJ] Jb/6 T logt/4 ]
umw—v)—amzop(F VT VTE log )

Jk \/N + N1/6 N1/4

and

) VT VT | 1
IVNT(I' =TH) - Gr|lr = O, <J TN TN )

where G, =N, 1 —GrH ' f —THH'B'(N; — GgH ' f) ~THGza, Gr =N, 2B'BM, H,
M, Ny and Gg are given in Theorem 4.2, and N, 1 and N, o are the first column and
the last K columns of N, .

PROOF: Let us begin by defining some notation. Let & = (Z/Z;) ' Zje; and E =
(&1,...,&r). Then (9) under Hy can be written as

Y =414 +TF + E, (C.95)
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where 17 denotes a 7' x 1 vector of ones. Recall My = Iy — 1717, /T. Post-multiplying
(C.95) by Mp to remove 7y, we thus obtain

Y My = T'(MpF) + EMy. (C.96)

Recall that V is a K x K diagonal matrix of the first K largest eigenvalues of Y MY’ /T
as defined in the proof of Theorem C.1, H = F’MTF‘(F’MTF)*l and F’MTF/T =V
as showed in the proof of Theorem C.1. By the definition of I', I' = ¥ My F'(F' My F) =1,
We may substitute (C.96) to I' = Y MpE(E'MpF)~! to obtain

['-TH=(EMyY'/T)BV™ =Y D;BV, (C.97)

where in the first equality we have used F'MpF /T =V and F = Y'B, in the second
equality we have substituted (C.2) into the equation, and D; = EMpFB'/T, Dy =
EMypE'/T, and D3 = EMpA'/T. We can conduct the same exercise as in (C.39) to

obtain

|VNT(I' —=TH) —VNTD,BV Y| ¢

(C.98)

_ - A vT VT
< VNTIV 2 (ID2Bllr + 1 Ds| plIBll2) = Op < =~ |

+
Jv /N
where the equality follows by Lemmas C.2(i) and C.33. Thus, the second result of the

lemma follows from (C.98) and Lemma C.34. We now show the first result of the lemma.
By the definition of 4,

4 —n~=FElp/T+(@TH-T)H'f —-1(B - BH)a
—I'B/(BH - B)H 'f —TB'Elp/T —TB'Al/T, (C.99)

where H ! is well defined with probability approaching one by (C.4) and Lemma C.2(ii),
and we have used o/B = 0 and B'B = I. By a similar argument as in (C.41)-(C.43),

IVNT (4 —~) — [\/NJTE1lr — VNT(I' = TH)H ' f]
+THH'B'[\/N/TE1p — VNT(B — BH)H ' f]

\/W+JT7+ J
Jr VN /NT)'

+THVNT(B — BH)a|| = 0O, ( (C.100)
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Thus, the first result of the lemma follows from (C.100), along with Lemmas C.34, C.13,

C.14, and Theorem 4.2, as well as the second result of the lemma. |

Lemma C.28. Suppose Assumptions B.5(i), (iii), and B.8(i) hold. Let Q and Q be
given in the proof of Theorem 4.4. Then

R J?
10— Ql} =0, <N> .

ProoF: Let Q; = SN (2, d(zi)) (2, 0(2i)')' /N and Q; = E[Q;]. Then Q =
ST 10T and @ = 321, Q,/T. Tt follows that E[[|Q; — Q||3] < [((J + 1)M)?/N]
(MaX < M j<Ji<Ni<T E[qb (zit,m)] + max;<ni<T E[HzitHﬂ) by the independence in As-
sumption B.5(iii). By the Cauchy-Schwartz inequality,

T

Z E[l|Q: — Q3] =0 (ﬁ) : (C.101)

B[l - Q|F] <

’ﬂ \

where the equality follows from Assumptions B.5(i) and B.8(ii). By the Markov’s in-
equality, the result of the lemma thus follows from (C.101). [ |

Lemma C.29. Suppose Assumptions B.1-B.6, B.7, and B.8(ii)-(iv) hold. Let ¥, L, 4*
and T* be given in Section 4.3. Assume (i) N — oo; (ii) T > K + 1; (iii) J — oo with
J?¢%21og J = o(N). Assume that Hy is true. Then there exists an M x (K + 1) random
matriz N} with vec(N%) ~ N(0,€) conditional on {Y, Zi}1<1 such that

) VNT VTJ J3/6  /T& log"4 ]
I/ NT/wo (3" —4) GWHZOp*< Jo TN TN T T N

and

Iy/NT (= ) = G llp = Opr (fw\;wl/ﬁ)

where Q. is given in Lemma C.27, G5 = N7 | — GrH ' f —THH'B'(Nf —GyH ' f) —
I'iGja, Gf = N;ZB’BM, H, M, N7 and G} are given in Theorem 4.3, and N7 ; and
N7 o are the first column and the last K columns of N7.

PROOF: Let us begin by defining some notation. Let & = (Z¥'Z,) 1 Ze, and E* =
(€7,...,€}). Then under Hy, we have

Y* =~14 +TF + E*. (C.102)
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where 17 denotes a 7' x 1 vector of ones. Recall My = Iy — 1717, /T. Post-multiplying
(C.102) by Myp to remove 7y, we thus obtain

Y*Myp = [(MpF) + E*Mrp. (C.103)

Recall that V us a K x K diagonal matrix of the first K largest eigenvalues of Y MpY’ /T
as defined in the proof of Theorem C.1, H = F’MTF(F’MTF)*l and F’MTF/T =V as
showed in the proof of Theorem C.1. By the definitions of I, I* = Y* My F'(F' My F) 1.
We may substitute (C.103) to ['* = Y* MpE(E'MpE)~! to obtain

3
[*—TH = (E*MpY'/T)BV ™' =Y DBV, (C.104)
j=1

where in the first equality we have used F'MpF /T =V and F = Y'B, in the second
equality follows we have substituted (C.2) into the equation, and D = E*MpFB'/T,
D = E*MpE'/T, and D = E*MpA’/T. We can conduct the same exercise as in
(C.39) to obtain

|IVNT(I* —TH) - VNTD;BV Y|

(C.105)

I - VT VT
s¢wmva%mw+wwwmw:%(,

+
J= T JN

where the equality follows by Lemmas C.2(i) and C.35. By the fact that ||C + D|p <
ICll7 + || D]l F, we may combine (C.98) and (C.105) to obtain
NT(I* -1) = VNT(D; = D)BV Hr =0, | -+ = | .
[VNT(E ~ 1) = VNT(D} — D) BV s p<fi+¢ﬁ
Thus, the second result of the lemma follows from (C.106) and Lemmas C.5 and C.36.
We now show the first result of the lemma. By the definition of 4*,

(C.106)

4* -y = E*1p/T + (TH —TYH ' f — *(B*B*)"(B* — BH)'a
o f*(B*/E*)—lé*/(BH o B*)H_lf— f*(é*lé*)—lé*/E*lT/T
—I*(BYB*)"'B*A*1p/T, (C.107)

where H ! is well defined with probability approaching one by (C.4) and Lemma C.2(ii),

and we have used o’B = 0 and (B¥B*)"'B*B* = Ix. By a similar argument as in
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(C.41)-(C.43),

IVNT(4* =) = [\/N/TE*1p = VNT(* —TH)H ™ ]
+THH'B'[\/N/TE*1p — VNT(B* — BHYH ' f]
+THVNT(B* — BH)a|| = O, (m + F J ) (C.108)

7 VN TUNT

By the fact that ||z + y|| < ||z|| + ||y||, we may combine (C.100) and (C.108) to obtain

IWNT (3" —4) — [ NJT(B*1r — Blg) — VNT(P* — Dy~ Lf]

A

+THH'B'[\/N/T(E*1r — El17) — \/ﬁ(é* — BYH'f]

. N Vi NT vT J
I'HVNT(B* — B)al| =0 C.109
+ THVNT(B* - BYa| = 0, ( s (C.109)
Thus, the first result of the lemma follows from (C.109), along with Lemma C.36, C.13,
C.19, C.20, and Theorem 4.3, as well as the second result of the lemma. |

Lemma C.30. Suppose Assumptions B.1-B./ hold. Assume (i) N — oo; (1)) T > K+1;
(iii) J — oo with J = o(\/N). Then

1 X _H 2 _ 1
WZZH Zit) Bzit) = = op(1).

i=11t=1

PROOF: Since B(zit) = B’¢(zit) and B(zit) = B'¢(zit) + 6(zit),
| N o I T
S S W)~ BB < 2 IB - BHYo(lP 428, (G110)

where Sy = YL, "N ||H'6(24)||?/J as defined in the proof of Theorem 4.4. Note that
(C.93) and Lemma C.26(iv) continue to hold under H;. Thus, the result of the lemma
follows from (C.93) and Lemma C.26(iv). [ |

Lemma C.31. Suppose Assumptions B.1-B.4, B.5(iit), B.8(i), (ii), and (v) hold. As-
sume (i) N — oo; (i) T > K + 1; (iii) J — oo with J = o(v/N). Assume that Hy is
true. Then there exists positive constant ¢y such that

1

N T
N 2o D 8 — HBa) | 2 o+ o)
1= =
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PROOF: Let us begin by defining some notation. Let A, = (Z1Z) "1 Z] Ay for Ay = Yy, Wy,
et, where Uy = (a(z1¢) + B(21t) fts- - - alznt) + B(zne) ' fr). Let Y = (}71, ?T),
U = (Uy,...,07), and E = (81,...,87). Then I' = (U + E)MpE(F'MpE)™'. Tt
is easy to show that I' = (U MpF/T)(F' MyF/T)"'H + 0,(1) by Theorem C.l, and
(W My F/T)(F' MpF/T)"Y|p < C* for some C* with probability approaching one.
This together with Lemma C.2(ii) implies that P(|[TH ||z > C) = o(1). Therefore,

under Hy,

| NI | NI X )
WZZHF zit — H'B(2it)||* > Amin(H WZZH(FEF ) zit — B(zit) ||

i=1t=1 i=1t=1
1 N T
= Mo (H'H) 557 ZZ [Hﬁ 2it) rH—l)/zﬁHﬂ + 0p(1)
i=1t=1
nf B

> Amin(H'H)  inf

inf__int El8() ~ WzilY] + 0p(1)

> ¢ + 0p(1) for some ¢y > 0, (C.111)
where the equality follows from Lemma C.37 since P(|[TH~!||r > C) = o(1), and the
last inequality follows by Lemma C.2(ii). [ |

Lemma C.32. Suppose Assumptions B.1-B.4, B.5(iii), B.8 hold. Assume (i) N — oo;
(i) T > K +1; (i) J — oo with J = o(v/N). Then

N T
1 1
= D Y NE =) 2l + == DD (@ — a) ¢(zi)|* = 0p(1)
NT i=1t=1 NT i=1t=1
and
1 A 1 2
LSS Bl + LSS B - Byl = o)
i=1t=1 z—lt 1

PROOF: We prove the second result, and the proof of the first result is similar. Note
that (C.93) continue to hold under Hj, so the second term on the left-hand side of the

second result is 0p(1). For the first term, we have

| N R | N
73 I Dl < U0 = Pl 33 Ll 112

i=1t=1 i=11t=1
Let us define some notation. Let A = (Z}'Z) 7127 Ay for Ay = Yy, Uy, g4, where Uy =
(a(z1e) + B(z10) frr -y alzne) + Blane) fi) . Let Y* = (Y, ... Y), U = (UF,..., U5,
and E* = (&%,... £%). Then [ = (U* + E*)MpE(E'MpF)='. Tt is easy to show that

Y

45



[* = (U*MpF/T)(F'MyF/T)""H + 0,(1) by Theorem C.1. From the proof of Lemma
C.31, I' = (VMpF/T)(F'MpF/T)"*H + op(1). Moreover, it can be easily shown that
(U* — U)MpF/T = 0,(1). Thus,

[ —T = (U — 0)F/T(F'F/T)™" = 0,(1). (C.113)

By Assumption B.8(ii), SN, 27 ||2:]|?/NT = O,(1) by the Markov’s inequality. This
together with (C.112) and (C.113) implies that the first term is also o,(1). [ |

Lemma C.33. Let Dy and D3 be given in the proof of Lemma C.27.

(i) Assume (i) N — oo; (ii) T > K + 1; (iii) J — oo with J?¢2logJ = o(N). Under
Assumptions B.1-B.5, B.8(i), and (ii), | DaB|% = O,(1/N?).

(ii) Under Assumptions B.1(i), B.2(i), (iv), B.3, B.8(i), (ii), |Ds||%=Op(J~2¢/N).

PRrOOF: (i) By Assumptions B.3, B.8(i), and (ii), we may follow a similar argument
as in the proof of Lemma C.3(ii) to obtain ||E|%/T = O,(1/N). Since |D2B||F <
|B'E||p||E||p/T, the result then follows from Lemmas C.7(i).

(ii) Note that HE_"H%/T = Op(1/N) from the proof of (i). Since ||Ds|lp <
|A|l7||E| #/T, the result then immediately follows from Lemmas C.3(i). [ |

Lemma C.34. Suppose Assumptions B.1-B.3, B.5(iii), (iv), B.6, B.8(i)-(iii) hold. Let
V' be given in the proof of Theorem C.1, D1 and E be given in the proof of Lemma C.27.
Assume (i) N — oo; (ii) T > K + 1; (iii) J — oo with J = o(v/N). Then there exists
an M x (K + 1) random matriz N, with vec(N,) ~ N(0,9,) such that

A 1 1
1 .
IVNTD BV~ Grllr = O, (J - N1/6>

and

~ 1
IWN/TEL = Naall = 0y (5717 )

where 0, is given in Lemma C.27, Gpr = N, 9B'BM, M is a nonrandom matriz in

Lemma C.15, and N, 1 and N, o are first column and the last K columns of N, .

PrOOF: Let Lnr. = Y11 Qi1 Ziee(fr — f)'/VNT and Un1. = Y-, Qi 2 Zies/ VNT.
By a similar argument as in the proof of Lemma C.13,

A 1 1
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and

I\/N/TElr — Uy

o). 019

By a similar argument as in the proof of Lemma C.14, there exists an M x (K + 1)
random matrix N, with vec(N,) ~ N(0,€,) such that

1
H(ENT,ZaﬁNT,z) - NzHF = Op <]\/‘1/6> . (0116)
Thus the result of the lemma follows from (C.114)-(C.116). [ |

Lemma C.35. Let D3 and D3 be given in the proof of Lemma C.29.

(i) Assume (i) N — oo; (ii) T > K + 1; (i) J — oo with J*¢2logJ = o(N). Under
Assumptions B.1-B.5, B.7(i), B.8(ii), and (iv), | DsB||% = O,(1/N?).

(ii) Under Assumptions B.1(i), B.2(ii), (iv), B.3, B.7(i), B.8(ii), and (iv), |Di||% =
Op(J72%/N).

PrOOF: (i) By Assumptions B.3, B.7(i), B.8 (ii), and (iv), we may follow a similar
argument as in the proof of Lemma C.21(ii) to obtain HE*H%/T = Op(1/N). Since
|DsB|F < | B'E||p||E*|| /T, the result then follows from Lemmas C.7(i).

(ii) Note that HE*H%/T = Op(1/N) from the proof of (i). Since [|[D*s]|p <
|A|| 7| E*||p/T, the result then immediately follows from Lemmas C.3(i). [

Lemma C.36. Suppose Assumptions B.1-B.3, B.5(iii), (iv), B.6, B.7(i), and B.8(i)-
(iv) hold. Let 'V be given in the proof of Theorem C.1, D1 and E be given in the proof of
Lemma, C.27, and D} and E* be given in the proof of Lemma C.29. Assume (i) N — oco;
(i1) T > K +1; (iii) J — oo with J = o(\/N). Then there exists an M x (K +1) random
matriz Ni with vec(N¥) ~ N(0,9Q,) conditional on {Yz, Zi}1<7 such that

R 1 1
IVNT (D} — D1)BV ™ — woGt | p = O, <JK + N1/6)

and
L . 1
I/ N/T(E*1y - Elr) — aoNs, | = O, <]V1/6> )

where Q, is given in Lemma C.27, G = N;,B'BM, M is a nonrandom matriz in

Lemma C.15, and N7 ; and N7 5 are first column and the last K columns of N7.
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PROOF: Let L3y, = s \ Q2 ZYe(fi— f)/VNT and Ny, = s 1 Q12 Z'et/ VNT.

By a similar argument as in the proof of Lemma C.19,

— - 1 1
and
% Kk 1

Let Ly, = Yie1 Qi (Z — Z)'a(fe = [Y/VNT = Ly, — Lnre and g, =
SE Qt_zl(Zt* — Z)'et/VNT = {Nr, — INT,2- By a similar argument as in the proof of
Lemma C.20, there exists an M x (K + 1) random matrix NI with vec(N¥) ~ N(0,,)
conditional on {Y;, Z; }1<7 such that

* * x 1
€5z Eivr.) = VoLl = 0y (5777 ) (C.119)

Thus, the result of the lemma follows from (C.114),(C.115), and (C.117)-(C.119). ®H

Lemma C.37. Suppose Assumptions B.5(iii), B.8(ii), and (v) hold. For any given

positive constant C,

LSS o LSy g g
sup ==+ 18(zit) sztH N E||B(zit) H/ZitH ‘:Op(1)~
imje<c | NT = = NT

i=1t=1

Proor: Let Ao = {Il € RM*K ||| < C} for C > 0, and F¢ = {¢(-,10) :
C(z1,++ y2p, 1) = Zthl 1B(2t) — Iz ||?/T for I € Ac} be a class of functions
¢(-,IT) indexed by IT € Ac. We aim to show suppe 4, |+ SNz, 2, D) —
+ SN EC(zi, 2z, ]| = 0p(1). Tt follows that for any IIy,II, € Ac,

|C(Z17 T ZTal_—[l) - C(zla o ,ZT,HQ)‘

< |y = Ta|[p ZHZtII 18(z) = Ty 2]l + [18(2¢) — Maz])
t 1
T

2
< | = I2flp o > _(lzllllBCGN + Cllzel?) = I = T2l pG (21, - 27).  (C.120)
t=1

By Assumptions B.8(ii) and (v), max;<n E[G (21, - ,zir)] < co. This together with
(C.120) implies that and F¢ is a class of functions that are Lipschitz in the index IT € A¢
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with envelop function G. Since A¢ is compact, for every € > 0, the covering number
N(e, Ac, || - ||F) of Ac with respect to || - || 7 is bounded. By Theorem 2.7.11 of van der
Vaart and Wellner (1996), for every € > 0, the bracketing number Ny (e, Fc, L1(P)) of F¢
with respect to L1 (P) is bounded. Thus, the result of the lemma follows by the Glivenko-
Cantelli theorem (e.g., Theorem 2.4.1 of van der Vaart and Wellner (1996)). [

C.6 Proof of Theorem A.1

PROOF OF THEOREM A.1: (A) Let 0 = \y(Y MY /T) /Nyt (Y M7pY'/T). If K # K,
then there exists some 1 <k < K —1or K +1 <k < JM/2 such that 0 > 0x. Let
JM /2 be the integer part of JM /2. Since MY MY )T) A (YMpY'/T) > 6y, for all
1<k < K—land A1 (YMpY'/T)/Ajarjo(Y MpY'/T) > 6y forall K+1 < k < JM/2,
the event of K # K implies the event of A\ (Y M7Y'/T) /A (Y MpY'/T) > 6 or the
event of )\K+1(?MT}}’/T)/)\JM/Q()}MT?’/T) > 0. Thus,

P(K#K)<P < WMD) eK) +P ( T

T T 2 s g | (ca21)
A (Y MpY')T) Mt 2(Y Mp Y/ T) )

By Lemmas C.38 and C.39, \y (Y M7Y'/T) /A (Y M7Y'/T) = Op(1), 0k /N = C+o0,(1)
for some positive constant C, and )\K+1(?MT}}’/T)/)\JM/Q(Y/MT?’/T) = O,(1), since
JM/2+1 < JM — K — 1 for large J. Thus, P(K # K) — 0.

(B) If K #K, then Ag_1(YM7Y'/T) < Ant or Ag41(YMpY'/T) > Anp. Thus,

P(K # K) < P (A1 (Y MrY'/T) < Anr) + P (Arcya (VMrY'/T) > Axr) . (C.122)

By Lemma C.38 and Ayt — 0, P(A\x_1(Y M7Y'/T) < An7) — 0. For a matrix A, let
o1 (A) denote the kth largest singular value of A. Since \,(AA’) = o2 (A),

A1 (YMpY'T) = o5y (Y Mp/VT) =|o k11 (Y M /VT) = o1 (BF' My /NT)[?

1, by 2 i 2o 1 J
< IV My — BOIFY |} < ZIAIE+ ZIBI} = 0 (o + %) (C123)

where the second equality follows since the rank of B(MpF')' is not greater than K, the
first inequality follows by the Weyl’s inequality, the second inequality by (C.2) and the
Cauchy-Schwartz inequality, and the last equality follows from Lemmas C.3(i) and (ii).
Since Ay min{N/J,J%*} = oo, (C.123) implies P(Ajc11(Y M7Y'/T) > Ayr) — 0. This
completes the proof of the theorem. |
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C.6.1 Technical Lemmas

Lemma C.38. Suppose Assumptions B.1-B.3 hold. Assume (i) N — oo; (it) T > K+1;
(iii) J — oo with J = o(v/N). Then there exist positive constants c; and cy such that

c1+0p(1) < Ak (YMpY'/T) < M (Y M7Y'/T) < 2+ 0p(1).

ProoF: By (C.12), \y(YM7Y'/T) = M\((F'M7pF/T)B'B) + 0,(1) for k = 1,..., K.
Thus, the result immediately follows from Assumptions B.2(i)-(iii). [

Lemma C.39. Suppose Assumptions B.1(i), B.2(ii), (iv), B.3(i), B.5(i), and B.9 hold.
Assume (i) N — oo; (ii) T — oo; (iii) J — oo with J = o(min{vN,VT}) and

J72°N = o(1). Then there exist positive constants c and c4 such that

c3+0,(1) < NA\jy—g 1(YMpY')T) < NAg 1 (Y M7pY')T) < cq + 0,(1).

PROOF: For a matrix A, let 0x(A) denote the kth largest singular value of A. Noting
that \y(AA") = 02(A), it follows that for k =1,...,JM — K,

MY MpY") = Ao ((BF' + E)Mp(BF' + E))|
<ok k(Y Mp) — og i1 ((BF' + E)Mp)|* + 2|0k 4x(Y M7)
— ok iw((BF' + E)Mp)|oki((BF + E)My)
<YMy — (BF' + E)Mr|} +2|Y My — (BF' + E)Mr||p
x M2 ((BF' + E)Mp(BF' + E)')
< A3+ 2IA ALY (BF + B)My(BF' + EY'), (C.124)

where the first inequality is due to the triangle inequality, the second inequality follows
by the Weyl’s inequality, and the third inequality follows from (C.2) and the fact that
Mc+x((BEF' + E)Mp(BF' + E)) < Ag41((BF' + E)Mp(BF' + E)') for k > 1. We
next show that the right-hand side of (C.124) is asymptotically negligible and study
the behavior of Mg ((BF' + E)Mr(BF' + E)'). Let B = B+ EMpF(F'MrF)~" and
Mp = It — MpF(F'MpF)~Y(MpF)'. We may decompose (BF' + E)Mp(BF' + E) by

(BF' + E)My(BF' + E) = BF' MyFB' + EMpMpMrE'. (C.125)
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Then, (C.125) implies that for k =1,...,JM — K,

M1k ((BF' + E)Mp(BF' + E)') < A\ 41(BF' My FB')
+ M(EMpMpMpE') < M\ (EM7E') < M\ (EE), (C.126)

where the first inequality follows by Lemma C.40(i), the second inequality follows by
Lemma C.40(ii) as well as the fact that the rank of BF’MpF B’ is not greater than K
and I — Mp is positive semi-definite, and the third inequality follows since I — My is
positive semi-definite. Moreover, (C.125) also implies that for k = 1,...,JM — 2K — 1,

Mk ((BF' + E)Mp(BF' + E)) > Mgy x(EMpMpMrE')
= /\K+k(EMTMFMTEI) =+ )\K_H(EMT(I — MF)MTE/) > )\2K+k(E~'MTE~/)
= /\2K+k(EMTE/) -+ )\Q(E(IT — MT)E/) > )\2K+k+1(EE/), (C.127)

where the first inequality follows by Lemma C.40(ii), the first equality follows since
the rank of EMy(I — Mp)MpE' is not greater than K, the second inequality follows
by Lemma C.40(i), and the second equality and the third inequality follow similarly.
Putting (C.126) and (C.127) together implies that eigenvalues of (BF'+E)Mp(BF'+E)’
are bounded by those of FE’. Thus, we may study the behavior of the eigenvalues of
EE'. Recall that Ayr = Y.L, Q7 '®(Z,) Elee}]®(Z;)Q; ' /NT in Lemma C.41. By the
Weyl’s inequality and Lemma C.41,

kS<1‘l]pM |)\k(NEE,/T) — Me(AnT)| < ||NE~'E,/T — Ant||F = Op(l). (C.128)

This implies that the eigenvalues of NEE' /T and Ayt are asymptotically equivalent.
Then, it follows from (C.126) and (C.128) that

Mc1(N(BF' + E)Mp(BF' + E)/T)
< M(NEE')T) < M\ (Ant) + 0p(1) = O,(1), (C.129)

because Aj(Anr) < (Ming<r Amin(Qt)) ™! maxi<r Amax (Elete)]) = Op(1) by Assump-

tions B.1(i) and B.9 (i). Combining (C.124), (C.129), and Lemma C.3(i) yields

sup  |NAgx(YMpY'/T) — NA\g 1 ((BF' 4+ E)Mp(BF' + E)'/T)| = 0,(1).
k<JM-K

(C.130)
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This means that NAgyr(YM7pY'/T) and NAgir((BF' + E)Mp(BF' 4+ EY/T) are
asymptotically equivalent. By the triangle inequality, it follows from (C.126)-(C.128)
and (C.130) that

)\JM(.ANT) + Op(l) S NAJM—K—l(?MT?//T)
< N}\K+1(}7MT}7//T) < )\1(~ANT) + Op(l). (0131)

Because A (Ant) < (minger Amin(Q¢)) ™" max;<r Amax (Elese}]) and Ajar(Anr) >
(max¢<7 )\max(Qt))_l ming<7 Amin(E[et€}]), the result of the lemma then follows from
(C.131) along with Assumptions B.1(i) and B.9(i). [ |

Lemma C.40 (Weyl’s inequalities). Let C' and D be k x k symmetric matrices.
(i) For everyi,j > 1 andi+j— 1<k,

Ai+j—1(C 4+ D) < N(C) + Xj(D).
(ii) If D is positive semi-definite, for all 1 <i <k,

Xi(C+ D) > N(CO).

PROOF: The results can be found in Section III.2 of Bhatia (1997). Also, see the
appendices of Ahn and Horenstein (2013) and Fan et al. (2016b). [ |

Lemma C.41. Let Ayr=Y"L, Q; '®(Z,) Ele.})®(Z;)Q; */NT and E be given in the
proof of Theorem C.1. Under Assumptions B.1(i), B.3(i), B.5(i), and B.9(ii),

HNEE'//T—ANTH%:O £+i2 .
P\N T

PROOF: Let E. denote the expectation with respect to {e; }+<7. To simplify the notation,
let Qﬁit = d)(zzt)Qt_l and Vijt = Eitfjt — E[Sité‘jt]. Since ||A”% = tl“(AA/),

T T N N N o
tr (Z Z Z Z Z Z Vit 9tVijth£s¢€sw;cs>]




X |cov(eitejt, Exsers)|; (C.132)

where the second equality follows from the independence in Assumption B.3 (i) and
the linearity of both expectation and trace operators, and the inequality follows since

193tl] < Aanin (@)~ llb(zit)[|. Moreover,

T T NN N N
E 1333 Y letz)lllo(z)llleCzrs) Hl¢(zes) lcov (e jis exsces)|

t=1s=11i=1 j=1k=14=1

T T N N N N
< Z<%%§TE lo(2i H ZZZZ Z Z |cov (et jt, ErsErs)|

t=1s=1i=1j=1k=14¢=1
T T N N N N
< J*M? max E[¢4(Zit,m)] Z Z Z Z Z Z |cov(eiteje, ersces)|,  (C.133)

ESIMSNET t=1s=1i=1 j=1k=1¢=1

where the first inequality is due to the Cauchy-Schwartz inequality, and the second one
follows since max;<n <7 E|||l¢(zi)||*] = J>M? MaX¢< JM,i<N<T E[¢4(zit,m)]. Combin-
ing (C.132) and (C.133) implies that E.[|EE'/NT — Anr|%] = Op(J*/N + J?/T) by
Assumptions B.1(i), B.5(i), and B.9(ii). Thus, the result of the lemma follows by the
Markov’s inequality and Lemma C.5. |

APPENDIX D - Additional Discussions

D.1 Regressed-PCA: A Special Case

We consider the regressed-PCA approach when N > JM and®(Z;)'®(Z;)/N = I
There exists an N x (N — JM) matrix ¥; such that (®(Z;)/vN, ¥;) is orthonormal,
ie., (®(Z)/VN,U,)(®(Z;)/VN,¥;) = Iy. It follows that

(Y: — ®(Zi)a — @(Z)Bf)' (Y — ©(Z)a — ©(Z:)Bf:)
= (Yi—®(Z)a—(Z)Bf) (B(Z:) /VN, Ue)(2(Z:) VN, ©;) (Vs — ®(Z)a—D(Z:) Bf)
= N[(Yi—®(Z)a—D(Z) Bf) ®(Z)(Z) (Y, — ®(Ze)a— B(Z) Bfy) /N?] + Y/ W, 1Y,
= N[(Yi — ®(Z1)a — ®(Z) Bfi)' Si(Yy — ®(Zt)a — ®(Zy) Bfi)] + Y ¥, W Ys. (D.1)
Thus, the objective function in (13) is equivalent to the objective function in (14), scaled
by a factor of N and plus a constant term that does not depend on a, B, or f;. Therefore,

when the condition ®(Z;)'®(Z;)/N = I holds, the regressed-PCA method reduces to
the least squares approach.
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D.2 Optimality of Fama-MacBeth Managed Portfolios

Fama (1976) demonstrates that the jth column of ®(Z;)(®(Z;)'®(Z;))~! solves the

following dynamic programming problem:
min w'w such that ®(Z;)'w = e;j, (D.2)

where e; is the jth column of I;j;. The proof is straightforward, relying on the use of

a lagrangian function. The first order conditions are:

2w+ ®(Z)A =0, (D.3)
O(Zy)'w = ej, (D.4)

where ) is a lagrangian multiplier. Solving these yields w = ®(Z;)(®(Z:) ®(Z;)) Le;,
which corresponds to the jth column of ®(Z;)(®(Z;)'®(Z;))~!. If individual asset re-
turns are i.i.d. (conditional on Z;), the objective function presents the variance of the
portfolio Y/w multiplied by a constant. Hence, under the i.i.d. assumption, each port-
folio in Y; = (®(Z,)'®(Z;))"'®(Z,)'Y; is minimum-variance portfolio. Moreover, the
covariance matrix of Y; is proportional to (®(Z;)'®(Z;))~!, suggesting low correlations

among the portfolios in Y; when the columns of ®(Z;) have low correlations.

D.3 Sorting: Regression on Dummies

At each time ¢, sorting divides the space of z;; into ¢ distinct, non-overlapping regions
Ri1,Ry9,...,Rys, which may vary over time. Let D;; 1, Djt 2, ..., Di 4 represent group
dummy variables for these regions, where Dy j = 1{z;s € R;:}. The equally weighted
returns of the sorted portfolios are then the coefficient estimates from a cross-sectional
regression of y;; on Dj; 1, Dit 2, ..., Ditq without an intercept. These are calculated as
Vi = (XN, 6(zi)d(zie)) " SN ¢(zi)yir, where ¢(zi) = (Dit1, Dita, - -+, Ditg)'. Spe-
cially, the return of the portfolio corresponding to R;; is equal to the coefficient on
Dy ;. For value weighted returns, book-to-market ratios can be used as weights in the
regression. In the example of constructing high-minus-low and small-minus-big factors,

2zt consists of capitalization (¢;¢) and book-to-market ratio (bm;;) with ¢ = 6:

D1 = H{eir < Qose(ci) }1{bmi < Qoz¢(bmit)},
Dito = H{cir < Qoselcit) }1{Qo.3¢(bmy) < by < Qo.74(bmir)},
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Dit 3 = H{cit < Qoselcit) }1{bmy > Qo.7¢(bmy)}

Dita = {cit > Qose(cit) }1{bmi < Qo3¢(bmyt)},

Dits = 1{cit > Qo.s,t(cit) }1{Qo.3,:(bmir) < bmir < Qo.7,e(bmir)},

Dite = 1{cit > Qo.5,t(cit) }1{bmy > Qo.7,¢(bmyr)}, (D.5)

Cit

(cit)
(cit)
(cit)
(cit)

where Qo.5.+(cit) is the 50% quantile of {ci¢, car, . .., cnt} at each time ¢.

D.4 Misspecifications of Alpha and Beta Functions

We use simple examples to illustrate how misspefications of «(-) and f(-) may result in

inconsistent estimation of F'. Consider the following two models:

Y = Wil + ZiT fi + ey, (D.6)
Y = (4T + WD) fi + 4, (D.7)

where Z, and W, are N x 1 vectors, f; is a scalar factor, and &; is independent of Z; and
W;. Further assume II = I and Wy = Z;g; + v¢, where g; is a scalar coefficient and v, is

independent of Z;. In this case, model (D.6) and model (D.7) can be rewritten as:

Y, = Z,Dff + €, (D.8)
Yi = Z0f e (D.9)

where ff = fi + g1, ef = vl + e, f7* = fi(l+ g), and 7 = v, L' fr + . If only Z; is
used for estimating model (D.6) (i.e., a(-) is misspecified), then F consistently estimates
F* = (ff,..., f7) up to ascalar. Similarly, if only Z; is used for estimating model (D.7)
(i.e., B(:) is misspecified), then F consistently estimates F** = (f#*,..., f#) up to a
scalar. In both cases, F' fails to consistently estimate the space spanned by F' unless g;

is proportional to f; in the first case or remains constant over time in the second case.

D.5 On Bootstrap Failure

A more natural bootstrap estimator for B is given by B** whose columns are the
eigenvectors of Y*MpY™* /T corresponding to its first K largest eigenvalues. We notice
that the distribution of \/NT /wq (E** — B) conditional on the data may fail to estimate
the distribution of Gp. The key part of the proof for Theorem 4.3 is to show that
VNT(B*—BH) and v NT(B — BH) share a similar asymptotic expansion. Specifically,
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we show

=0,(0n7)  (D.10)
F

T
H\/ B BH Z Zt Et ft f)/B,BM

and

T
H\/NT(B* — BH) — \/;TT > Q7'(Z) ey(fr — f))B'BM|| = Op(dn7), (D.11)
t=1

F

where dyp = VNTJ " + /TJ/N + /JE;(log J/N)V/4. Let F* = Y¥B** and H* =
(F' My F*)(E" MpE*)~!. Similarly, we can also show

Yo (Z)"ei(fe — f))B'BM|| = O,(dnT). (D.12)

F

H\/NT(B** — BH*)

FZQt

Thus, the distribution of \/NT'/wo( B ) conditional on the data may fail to estimate
the distribution of G, since \/NT/wo(H* — H) is not asymptotically negligible due to
the relatively slow convergence rate of F' and F*. Since B** = Y*MTF*(F*’MTF*)_l
it is crucial to use F' rather than F* in (17) to ensure that B* and B share a com-
mon rotational transformation matrix and are centered around the same quantity BH,

rendering the validity of the bootstrap.

D.6 Three Versions of R?

From a mathematical perspective, RQT, N and R?V’T can be expressed as weighted versions
of R?. However, the variation in these weights is not due to an unbalanced panel. Let
Eit = Yit — Q(2i4—1) — B(zi,t_l)’ft. It follows that

R S, ittt Vit s~ o
Rhy—1- Ly Zefh_ TINSE T Mk (g
’ N =%, Yii Dt Yii it Y3

where w; = ;4% /N >,y The variation in w; arises from differences in the total

time variation across individual stocks. The same reasoning applies to R3; 7.
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D.7 Sufficient Conditions for Assumptions

We provide sufficient conditions for Assumptions B.1(i) and B.9(ii) in the following two

propositions, justifying that the two assumptions are not restrictive.

Proposition D.1 (Assumption B.1(i)). Suppose Assumptions B.5(ii) and (i) hold.
Assume J > 2 and \/Tf?, log J = o(N), where {; is given above Theorem 4.1. Then
Assumption B.1(i) holds.

PROOF: Let Q; = E[Q;] Since vVT¢2logJ = o(N), by Lemma C.11,

=o0,(1).  (D.14)

T 1/4 1 1/2
N N T4 1 log!/2 J
max 1Qt — Q]2 < (Z Q¢ — Qt”%) =0p <§J & >
= t=1

VN

By (D.14) and the Weyl’s inequality,

min Amin (Qt) — min Amin (Q1)] < max Q¢ — Qtll2 = 0p(1) (D.15)
and
max Amax(Qt) — max Amax(Q)| < max [Qt — Qtll2 = op(1). (D.16)

The result of the lemma thus follows from (D.15) and (D.16) as well as Assumption
B.5(ii) by noting that min;<p Amin(Q¢) > minj< N <7 Amin(Qi) and max;<p Amax(Q¢) <

mMaXx;<Nt<T )\max(Qit)' -

Proposition D.2 (Assumption B.9(ii)). Suppose Assumptions B.3(ii) and B.6(ii) hold.

Assume max;<y <7 Ele}] < 0o and there is 0 < Cs < 0o such that

1 T T )
%%T;;’E[E”QSH < Cs.

Then Assumption B.9(ii) holds.

PRrROOF: By the independence condition and Assumption B.3(ii), Ele;eje] = 0 for i # j.

Thus, we may have the following decomposition
T T N N N N
Z Z Z Z Z Z |cav(€it€jtv 5ks£és)|

Y



N

T T N N T N N
:ZZZZ‘COU zt75k3)|+ZZZZZZ|E EztejtngEZs”
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e
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Il
—
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B

=T+ T+ Ts. (D.17)

We next establish bound for 77, 72, and 73. By the independence condition,

T T N T T N
=333 varh) S 13 S P SNTY pax Bl (D9

where the first inequality follows from var(e2) < E[e},]. By the independence condition
and Assumption B.3(ii), Eleicjicpsers) = 0 unless i = k and j =fori =/ and j =k
given i # j. It then follows that

T N N
ZZZ |Eleieis]|| Elejees]|

M=

N
Z |Eleitciscjicjs)| = 2

M=
Mz

T
Ta=2) )"
t=1s=14=1 j#i t=1s=11i=1 j#1
T T N N T /N 2
< QZZZZ\E eit€is) || Elejte sl :2 Z Z]E EitEis] >
t=1s=11=1 j=1 t=1s=1 \i=1
N T T T T
< 2N Z Z Z |Eleireis]|® < 2N? Hg\)fiz Z |Eleieis] |, (D.19)
i=1t=1s=1 S 1 s=1

where the second equality follows by the independence condition, the first inequality

follows since |Elegeis]|? > 0, the second inequality is due to the Cauchy-Schwartz

inequality. Again by the independence condition and Assumption B.3(ii), E[(e} —

Ele3])ersces) = 0 for k # £, so T3 = 0. This together with (D.17)-(D.19) and the

assumptions thus concludes the result of the proposition. |

APPENDIX E - Monte Carlo Simulations

In this appendix, we conduct small-scale Monte Carlo simulations to evaluate the finite

sample performance of our estimators and tests.

We consider the following data-generating process, assuming

a(zit) = 0zig1 + 5zi2t71 and B(zit) = (zit2 + 521-2,572, 2zit3 + 2522%73)’ (E.1)
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for § > 0 and 6 > 0, where K =2 and M = 3. Note that a(-) =0 when # = § = 0, and

both «a(z;) and 3(z;:) become nonlinear functions of z; when ¢ > 0. We define:
Zitg = 0t * Wit 1, Zit,2 = 0.323-1)2 + wir,2, and zit 3 = U3, (E.2)

where wit = (wit1,uit2, uir3)" are iid. N(0,I3) across both i and ¢, o,’s are i.i.d.
U(1,2) over t, and zjp2’s are i.i.d. N(0,1). All components of z; vary over ¢, but in
different ways. We also define f; = 0.3f,—1 + 1, where n,’s are i.i.d. N(0,Ix) and
fo~ N(0,Ix/0.91). For 0 < p < 1, we specify:

Et = PEt—1 T €4, (E.3)

where e;’s are i.i.d. N(0,Iy) and g9 ~ N(0,Ix/(1—p?)). The parameter p measures the
weak dependence of €;; over t. Here, u;’s, o4’s, zio’s n¢’s, fo, e:’s, and €9 are mutually

independent. We generate y;; based on the model (1).

To implement regressed-PCA, we select ¢(zi1) = (Zit,l,Z?t71,Zit,2,Zi2t,2, zit,g,z?m)’,
so J = 2, and the sieve approximation error is zero. We let Ay = 1/log(N) when
implementing K in (A.2). For the weighted bootstrap, we let w;’s be i.i.d. standard
exponential random variables. We first analyse the performance of a, B, F, K in (A1),
and K under varying (N,T) values, with 6 =1, § = 0.5, and p = 0,0.3,0.7. We report
the mean square errors of a, B, and F in Table E.I and the correct rates of K and K in
Table E.IL Figures E.1 and E.2 present histograms of v NT(& —a) and v NT(B — BH)
and their bootstrap estimates (i.e., vV NT(a* — a) and v NT(B* — B)) for p = 0.3, with
similar results for p = 0 and 0.7 available upon request. Due to space limitations, we
only display one entry of vV NT(a—a) and v/ NT (B — BH), with similar results for other

entries available on request.

Next, we assess the performance of tests for a(-) = 0 and the linearity of a(-) and
B(-). To test a(-) = 0, we fix § = 0. Hence, a(-) = 0 if and only if # = 0. We report
the rejection rates for # = 0,0.01,0.02,...,0.1 under p = 0.3, with similar results for
p = 0 and 0.7 available on request. For the linearity test, fixing § = 1, a(-) and £(+)
are linear if and only if § = 0. We report the rejection rates for § = 0,0.01,0.02,...,0.1
under p = 0.3, with similar results for other values of p available on request. We set the
number of simulation replications to 1,000 and the number of bootstrap draws to 499

for each replication.

The main findings are as follows. First, as shown in Table E.I, the mean square

errors of @, B, and F' decrease as N increases, even for 7" = 10, indicating consistency
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of the estimators as N — oo, even for small T'. Increasing T further reduces the mean
square errors of a and B, but does not affect that of . Both results hold regardless
of p, confirming that the estimators remain valid under weak dependence of €;;. These
findings align with Theorem 4.1. Second, as shown in Table E.II, K and K correctly
estimate K in all cases, except for small NV and T', consistent with Theorem A.1. Third,
Figures E.1 and E.2 show that both vVNT(a — a) and VNT(B — BH), as well as
their bootstrap estimates, follow bell-shaped distributions, even for T' = 10, suggesting
asymptotic normality as per Theorems 4.2 and 4.3. The two distributions converge as

N increases, though the approximation may be unsatisfactory for N = 50.

Finally, both tests perform well. Table E.IIl shows that the first test may slightly
overreject a(-) = 0 (which holds when 6 = 0) when N = 50, but this corrects as
N increases, even for T' = 10. The test is consistent as N — oo for small T', and
increasing T' can improve power, though it may slightly affect the size (e.g., for 8 = 0,
the rejection rate increases as T' grows from 10 to 100 for N = 200). This is in line with
the T' = o(N) requirement in Theorem 4.4 or underlying in Theorem 4.3. The second
test exhibits similar performance, as shown in Table E.IV, and the details are omitted

for brevity. The findings of the second test are consistent with Theorem 4.4.

In conclusion, our estimators and bootstrap inference methods show strong perfor-

mance for large N, even when T is small.
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Table E.I. Mean square errors of a, B and F when 6 =1 and § = 0.5¢

(NT) p= ] p= ] p= ]
a B F a B F a B F

(50,10)  0.0077 0.0154 0.0394 0.0088 0.0170 0.0435 0.0171 0.0295 0.0799
(100,10)  0.0034 0.0064 0.0168 0.0039 0.0071 0.0186 0.0075 0.0127 0.0336
(200,10)  0.0016 0.0030 0.0079 0.0018 0.0034 0.0087 0.0033 0.0058 0.0155
(500,10)  0.0006 0.0012 0.0030 0.0007 0.0013 0.0033 0.0013 0.0022 0.0060

(50,50)  0.0012 0.0022 0.0423 0.0014 0.0025 0.0466 0.0028 0.0049 0.0842
100,50)  0.0005 0.0009 0.0184 0.0006 0.0010 0.0203 0.0012 0.0019 0.0365

500,50)  0.0000 0.0001 0.0033 0.0001 0.0002 0.0037 0.0002 0.0003 0.0065

( )
(200,50)  0.0002 0.0004 0.0086 0.0003 0.0004 0.0095 0.0006 0.0008 0.0170
( )
( )

50,100)  0.0005 0.0010 0.0431 0.0006 0.0011 0.0473 0.0013 0.0024 0.0850
(100,100) 0.0002 0.0004 0.0187 0.0003 0.0004 0.0206 0.0006 0.0008 0.0370
(200,100) 0.0001 0.0002 0.0087 0.0001 0.0002 0.0096 0.0003 0.0003 0.0172
(500,100) 0.0000 0.0001 0.0034 0.0000 0.0001 0.0037 0.0001 0.0001 0.0066

t The mean square errors of é , B and F are given by Zéiolo a9 — a||?/1000, Zg’f | B® —
BH®||%/1000 and 21181010 |F© — F(H®)=12,/1000T, where a), B®) and F©® are es-
timators in the (th simulation replication, and H®) = (F/ MpEO)(EO MpEO)=1 s a
rotational transformation matrix.

Table E.II. Correct rates of K and K when § = 1 and § = 0.5

(N.T) ) p=20 i} Ap = 0.3~ Ap = 0.7~

K K K K K K
(50,10) 0.999 1.000 0.999 1.000 0.994 1.000
(100, 10) 1.000 1.000 1.000 1.000 0.999 1.000
(200, 10) 1.000 1.000 1.000 1.000 1.000  1.000
(500, 10) 1.000 1.000 1.000 1.000 1.000 1.000
(50,50) 1.000 1.000 1.000 1.000 1.000  1.000
(100, 50) 1.000 1.000 1.000 1.000 1.000 1.000
(200, 50) 1.000 1.000 1.000  1.000 1.000  1.000
(500, 50) 1.000 1.000 1.000 1.000 1.000 1.000
(50, 100) 1.000 1.000 1.000 1.000 1.000 1.000
(100, 100) 1.000 1.000 1.000 1.000 1.000 1.000
(200, 100) 1.000 1.000 1.000 1.000 1.000 1.000
(500, 100) 1.000 1.000 1.000 1.000 1.000 1.000
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Figure E.1. Histograms of the 2nd entry in vV NT'(a—a) (blue) and vV NT(a*—a) (yellow,
based on the first simulation replication) when § =1, 6 = 0.5, and p = 0.3
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Figure E.2. Histograms of the (1, 2)th entry in v NT(B—BH) (blue) and vV NT (B*— B)
(yellow, based on the first simulation replication) when § =1, § = 0.5, and p = 0.3
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Table E.ITI. Rejection rates of testing a(-) = 0 when § = 0 and p = 0.3

6
0 0.01 0.02 003 0.04 0.056 0.06 0.07 0.08 0.09 0.1
(50,10)  0.089 0.096 0.117 0.150 0.186 0.222 0.283 0.349 0.435 0.512 0.593
(100,10)  0.096 0.113 0.133 0.184 0.274 0.383 0.502 0.616 0.727 0.827 0.904
(200,10)  0.057 0.080 0.162 0.270 0.442 0.628 0.790 0.901 0.970 0.990 0.999
(500,10)  0.048 0.099 0.297 0.573 0.822 0.951 0.994 1.000 1.000 1.000 1.000
(50,50)  0.094 0.129 0.232 0.415 0.615 0.784 0.915 0.978 0.997 0.998 1.000

(100,50)  0.085 0.165 0.391 0.691 0.913 0.989 0.998 1.000 1.000 1.000 1.000
(200,50)  0.073 0.235 0.643 0.941 0.996 1.000 1.000 1.000 1.000 1.000 1.000
(500,50)  0.052 0.451 0.960 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(50,100) 0.089 0.151 0.360 0.693 0.901 0.985 0.999 1.000 1.000 1.000 1.000

(100,100) 0.076 0.256 0.685 0.956 0.997 1.000 1.000 1.000 1.000 1.000 1.000
(200,100) 0.073 0.381 0.925 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(500,100) 0.059 0.737 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

t The significance level o = 5%.

Table E.IV. Rejection rates of testing linearity of a(-) and 5(-) when § = 1 and p = 0.3

)
0 001 0.02 003 004 0.05 006 0.07 0.08 0.09 0.1
(50,10)  0.086 0.097 0.158 0.288 0.464 0.641 0.801 0.910 0.963 0.990 0.998
(100,10)  0.080 0.130 0.309 0.565 0.839 0.962 0.993 1.000 1.000 1.000 1.000
(200,10)  0.058 0.181 0.555 0.932 0.995 1.000 1.000 1.000 1.000 1.000 1.000
(500,10)  0.038 0.397 0.963 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(50,50)  0.093 0.248 0.669 0.965 0.999 1.000 1.000 1.000 1.000 1.000 1.000

(N,T)

(100,50)  0.100 0.443 0.966 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(200,50)  0.070 0.771 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(500,50)  0.047 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(50,100)  0.096 0.459 0.971 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

(100,100) 0.085 0.846 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(200,100) 0.066 0.994 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(500,100) 0.057 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

t The significance level o = 5%.
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APPENDIX F - Additional Empirical Results

In this appendix, we provide additional results for Section 5. First, we provide formulas

for various R?’s. The formulas for the in-sample fits by excluding é(zj 1) are as follows:

A~ A

Siilyie — Blzig—1) fi]?

R:=1- ,
! Zz‘,t y?t
1 Sulyit — B(zis—1)' fi]?
RzTN -1 — t > ,
7T sz: Ztyzzt
1 Silvie — Bziz—1)' fi]?
R2 NT — 1—= L ; .
B, T; Ziyzzt

Three versions of out-of-sample predictive R?’s are as follows:

Siasiz0lUit = Gu-1(zip-1) = Bro1(zi0-1)'AdJ?
Sii120 Vi

Ry =1-—

Y

1 S isr00lit — Ge-1(zit—1) — Bi1(zig—1)' Me]?
Rino=1-5> ==

N P 22120 yizt ,
Rpp=1- 1 3 Silyie — du—1(zie—1) — Be1(zi-1)'Ae)
N,T, T — 120 S0 ZZ yi2t

Three versions of out-of-sample fit R?’s are as follows:

Ei,t2120 [yit — /Bt—l(zi,t—1>/ft—1,t]2
> i i>120 Vit
S is100lit — Bi—1(zip—1) fr—1.4)?

2
Rio=1-

)

1
Rirno=1-52

i thmo y7j2t ’
1 Silvie — Beo1(zig—1) fr—1.4)
Rinro=1- : : A
[N.T, T — 120 t>¥20 Zzygt

F.1 Model Estimation

(F.1)

(F.2)

(F.3)

(F.4)

(F.5)

(F.7)

(F.8)

(F.9)

Table F.I show the first two moments of the long-short factors of Fama and French (2015)

constructed based on the dataset used in this paper and the corresponding factors from

Kenneth R. French’s Website as well as their correlations.

Table F.II collects characteristics used in different specifications.
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Tables F.III-F.V present the model estimation results under the restriction «(-) = 0.
Similar to the unrestricted cases, the nonlinear specifications demonstrate both better
in-sample and out-of-sample performance than the linear specification in most cases.
The linearity of 3(-) is also rejected at the 1% level in all cases. However, R?, R%’ N> and
R]2V7T are slightly smaller than those in the unrestricted cases. Unlike the unrestricted
cases, increasing the number of factors may worsen the out-of-sample predictive R?’s.
Specifically, R?Vmo can become negative for K > 4 in the linear specification. In the
nonlinear specifications, RZO and RQO’T7 n exhibit a hump-shaped relationship with the

number factors, peaking at three or four factors depending on the specification of 5(-).

Table F.VI shows the correlations between our factors and the long-short factors of
Fama and French (2015), and Tables F.VII-F.XII present the projection regression re-
sults. Our findings reveal substantial correlations between these factors and our factors,
with both sets explaining significant variations in each other. However, the long-short
factors fail to price most of our factors derived from our nonlinear specifications, while
the pricing errors for most of the factors from our linear specification are not statistically
significant. This suggests that the nonlinear specifications capture additional common
variations in stock returns not accounted by the long-short factors. It is also observed
that our factors are unable to fully explain the cross-sectional variations of some long-
short factors. This observation arises because long-short factors are mixed with pricing
errors, as they do not effectively distinguish between the risk and mispricing explana-
tions of the role of characteristics in predicting stock returns, as discussed in Section
3.1.

Figures F.1-F 4 illustrate the contribution of each characteristic to pricing errors and
risk exposures under the two nonlinear specifications. Almost all sieve coefficients are

significant, which aligns with the strong evidence of nonlinearity found in Tables I-111.

Figure F.5 displays the patterns of R%O, R?7T7 N,0- and R% N.T.0 for ten factor models

in subsample analysis. It shares the similar findings with Figure 3.

F.2 Asset Pricing Tests

The following characteristics are used in double sorted portfolios in Table VI and this
section. Size: market capitalization; BM: book-to-market equity ratio; OP: operating
profitability; INV: growth rate of assets; MOM: momentum; Beta: market beta; AC:

accruals; NI: net stock issues; Var: variance of daily total returns.
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Table F.XIII shows the bilateral correlations and standard deviations of the testing

portfolios in our asset pricing tests.

Tables F.XIV and F.XV present the results for five groups of testing portfolios with
K = 6 (corresponding to Tables VI and VII), where “MOM?” represent the momen-
tum factor Tables F.XVI-F.XXIII collect results for remaining testing portfolios, where
Tables F.XVI-F.XIX correspond to K = 5 and Tables F.XX-F.XXIII correspond to
K = 6. In explaining the Fama-MacBeth managed portfolios, our factors and IPCA’s
factors continue to outperform others for K = 6 in terms of average absolute intercepts.
In explaining the sorted portfolios, our factors continue to outperform ITPCA’s factors
for K = 6, as evidenced by smaller pricing errors, t-statistics, and GR.S statistics. The
finding of larger regression R?’s persists. In explaining IPCA’s managed portfolios, the
inferior performance of IPCA’s factors is also observed for K = 6. The findings are
robust for additional testing portfolios, as evidenced in Tables F.XVI-F.XXIII.

Table F.I. Summary statistics of factors’

Factors MKT SMB HML RMW CMA MOM

Based on the dataset in Kelly et al. (2019)

Mean 0.50 0.16 0.63 0.27 0.45 0.85
Standard deviation 4.64 4.04 2.74 2.06 2.04 4.59
t 2.53 0.91 5.44 3.05 5.11 4.35

Kenneth R. French’s Website

Mean 0.48 0.18 0.38 0.30 0.37 0.67
Standard deviation  4.61 3.06 291 2.32 2.00 4.38
t 2.46 1.36 3.04 3.03 4.35 3.58

Correlation 0.99 0.84 0.70 0.24 0.85 0.95

t MKT: market excess return; SMB: small-minus-big factor; HML: high-minus-low factor;
RMW: robust-minus-weak factor; CMA: conservative-minus-aggressive factor; MOM:
momentum factor.
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Table F.II. Characteristics used in different specifications’

Linear specification Nonlinear specification 1 Nonlinear specification 2
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Table F.III. Results under linear specification of 3(-) with 36 characteristics'

Restricted (a(-) = 0)

2 2 2 2 2 2 2 2 2 2
K Ry R Rt n Ryr Rjo Rirno Binro Bo Rino Byro

1 26.62 2.14 0.58 0.06 6.79 4.10 5.98 0.20 0.09 0.07
2 36.48 4.18 1.72 1.37 13.66 10.55 11.33 0.28 0.34 0.02

3 45.10 532 298 230 14.20 11.17 11.77  0.26 0.31 0.01
4 52.62 11.45 8.03 886 14.74 12.16 12.16 031 0.39 -0.01
) 58.72 11.69 &8.18 9.10 15.13 12.70 12.48 036 0.47  -0.04
6 64.28 13.85 10.06 11.58 15.32 12.96 12.69 0.38 0.47 -0.11
7 69.26 15.20 11.71 13.17 15.58 13.18 1296 040 0.50 -0.13
8 72.98 15.53 11.99 13.44 1590 13.46 13.24 041 0.53 -0.13
9 76.40 15.73 12.15 13.68 16.25 13.96 13.50 040 0.53 -0.08

10 79.29 1590 12.37 13.85 16.42 14.21 13.70 041 0.51  -0.06

K R. R} Ri,y Riyry Pa  DPin

1-10 20.89 R* Rfy Ryr NA <1%

T K: the number of factors specified; R%: Fama-MacBeth cross-sectional regression R
(%); R%: the variation of the Fama-MacBeth managed portfolios Y; captured by the
extracted factors fy (%); R2, Ry, R3¢ various in-sample R*’s (%), see (22)-(24) with
a() = 0; R, R}y, R}y various in-sample R*’s without a(-) (%), see (F.1)-(F.3);
R o, R} 1. n.0s R} N 1,0° Various out-of-sample fit R*’s (%), see (F.7)-(F.9); R, R7 y o>
R3 1.0 various out-of-sample predictive R*’s (%), see (F.4)-(F.6) with &;—1(-) = 0; pa
and pin: the p-values of alpha test (a(-) = 0) and model specification test (linearity of
B(-)), respectively.
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Table F.IV. Results under nonlinear specification of 3(-) with 18 characteristics’

Restricted (a(-) = 0)

2 2 2 2 2 2 2 2 2 2
K Ry R Rt n Ryr Rjo Rirno Binro Bo Rino Byro

1 41.75 5.61 3.00 3.14 1132 7.84 899 030 034 -0.12
2 59.20 9.14 556 6.26 14.01 11.40 11.34 0.34 030 -0.38

3 65.00 9.80 6.24 7.12 14.70 12.15 12.08 0.60 0.76 0.29
4 70.17 10.7v9 7.23 837 1524 13.00 12.66 0.60 0.80 0.19
5 74.44 14.28 10.57 11.98 16.12 13.86 13.31 0.52 0.66 0.29
6 77.39 14.58 10.88 12.18 16.38 14.16 13.62 0.52 0.63 0.22
7 80.12 14.91 11.07 12.61 16.82 14.79 13.86  0.53 0.58 0.22
8 82.36 15.43 11.93 13.17 17.01 14.87 14.06 0.54 0.57 0.27
9 84.34 15.80 12.28 13.45 17.18 15.08 14.22  0.53 0.54 0.27

10  86.23 15.94 1237 13.59 17.35 15.22 14.37  0.53 0.54 0.27

K R. R} Ri,y Riyry Pa  DPin

1-10 21.11 R*> Rfy Ry,y NA <1%

T K: the number of factors specified; R%: Fama-MacBeth cross-sectional regression R
(%); R%: the variation of the Fama-MacBeth managed portfolios Y; captured by the
extracted factors fy (%); R2, Ry, R3¢ various in-sample R*’s (%), see (22)-(24) with
a() = 0; R, R}y, R}y various in-sample R*’s without a(-) (%), see (F.1)-(F.3);
R o, R} 1. n.0s R} N 1,0° Various out-of-sample fit R*’s (%), see (F.7)-(F.9); R, R7 y o>
R3 1.0 various out-of-sample predictive R*’s (%), see (F.4)-(F.6) with &;—1(-) = 0; pa
and pin: the p-values of alpha test (a(-) = 0) and model specification test (linearity of
B(-)), respectively.
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Table F.V. Results under nonlinear specification of §(-) with 12 characteristics

Restricted (a(-) = 0)

2 2 2 2 2 2 2 2 2 2
K Ry R Rt n Ryr Rjo Rirno Binro Bo Rino Byro

1 4295 534 259 290 11.15 7.66 8.84 032 034 -0.10
2 61.58 9.12 545 6.15 13.79 11.11 11.04 0.33 0.21  -0.56

3 68.02 10.15 6.08 7.25 14.47 11.86 11.74 0.62 0.68 0.16
4 74.08 10.77 6.99 798 1538 13.20 12.75 0.57 0.65 0.24
5 78.98 14.15 10.49 11.93 16.04 14.23 13.34 0.55 0.57 0.23
6 82.66 14.43 10.68 12.32 16.48 14.71 13.67 0.56 0.53 0.23
7 85.44 14.93 11.31 12.76 16.81 14.97 13.93 0.55 0.55 0.25
8 87.85 15.37 11.78 13.13 17.11 15.10 14.14  0.56 0.54 0.27
9 89.563 16.28 12.57 13.85 17.30 15.34 14.33 0.56 0.52 0.27

10 91.13 16.49 12.7v8 14.08 17.45 15.52 14.48 0.57 0.55 0.27

K R. R} Ri,y Riyry Pa  DPin

1-10 20.72 R*> Rfy Ryr NA <1%

T K: the number of factors specified; R%: Fama-MacBeth cross-sectional regression R
(%); R%: the variation of the Fama-MacBeth managed portfolios Y; captured by the
extracted factors fy (%); R2, Ry, R3¢ various in-sample R*’s (%), see (22)-(24) with
a() = 0; R, R}y, R}y various in-sample R*’s without a(-) (%), see (F.1)-(F.3);
R o, R} 1. n.0s R} N 1,0° Various out-of-sample fit R*’s (%), see (F.7)-(F.9); R, R7 y o>
R3 1.0 various out-of-sample predictive R*’s (%), see (F.4)-(F.6) with &;—1(-) = 0; pa
and pin: the p-values of alpha test (a(-) = 0) and model specification test (linearity of
B(-)), respectively.
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Table F.VI. Factor correlations’

MKT SMB HML RMW CMA MOM
Linear specifications of «(-) and () with 36 characteristics

Factor 1 0.02 0.11 0.10 -0.11 0.02 -0.36
Factor 2 0.26 0.26 0.05 -0.20 -0.02 -0.16
Factor 3 -0.26 -0.22 -0.05 0.11 0.07 0.18
Factor 4 0.58 0.46 -0.33 -0.30 -0.30 -0.06
Factor 5 0.10 0.05 -0.15 0.01 -0.16 0.05
Factor 6 0.32 0.24 -0.13 -0.20 -0.13 -0.04
Factor 7 0.30 0.19 0.02 -0.09 -0.10 -0.16
Factor 8 -0.04 -0.05 0.21 0.14 0.16 -0.41
Factor 9 0.02 0.03 -0.08 -0.06 -0.03 0.29
Factor 10 -0.03 0.01 0.13 0.09 0.08 0.01
Nonlinear specifications of «(-) and () with 18 characteristics
Factor 1 0.24 0.37 0.07 -0.30 -0.02 -0.37
Factor 2 0.41 0.31 -0.37 -0.30 -0.29 -0.09
Factor 3 -0.22 -0.11 0.45 0.23 0.33 -0.50
Factor 4 0.48 0.21 -0.04 -0.15 -0.18 -0.34
Factor 5 -0.12 -0.01 -0.25 -0.06 -0.10 0.14
Factor 6 0.07 -0.21 -0.04 0.08 -0.08 0.09
Factor 7 -0.15 -0.22 -0.09 -0.06 -0.03 -0.12
Factor 8 -0.01 -0.08 0.14 0.09 0.05 0.05
Factor 9 -0.17 0.03 0.08 0.10 0.09 0.10
Factor 10 -0.21 -0.04 0.11 0.06 0.06 0.07
Nonlinear specifications of «(-) and 5(+) with 12 characteristics
Factor 1 0.22 0.36 0.05 -0.32 -0.01 -0.32
Factor 2 0.39 0.31 -0.27 -0.26 -0.26 -0.34
Factor 3 -0.19 -0.19 0.49 0.25 0.30 -0.57
Factor 4 0.50 0.21 -0.12 -0.16 -0.24 -0.13
Factor 5 -0.04 -0.15 -0.11 -0.02 -0.07 0.12
Factor 6 -0.20 -0.20 -0.14 0.06 -0.07 0.08
Factor 7 -0.05 -0.04 0.16 0.12 0.04 0.00
Factor 8 -0.04 0.19 0.28 0.06 0.22 0.18
Factor 9 0.27 0.06 0.18 -0.14 0.16 0.11
Factor 10 0.17 -0.27 -0.22 0.21 -0.20 -0.06

T MKT: market excess return; SMB: small-minus-big factor; HML: high-minus-low factor;
RMW: robust-minus-weak factor; CMA: conservative-minus-aggressive factor; MOM: mo-
mentum factor.
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Table F.VII. Factor projections: linear specifications of a(-) and $(-) with 36 characteristics

Factor 1 Factor 2 Factor 3 Factor 4 Factor 5 Factor 6 Factor 7 Factor 8 Factor 9 Factor 10

Constant 3.71%%* .14 0.39 -0.05 0.25 0.28 046  0.62¥%%  0.04 -0.10
t [5.83  [0.36]  [1.03]  [0.17]  [0.75]  [0.94]  [1.63]  [271]  [0.17]  [-0.42]
MKT  -0.20  0.43%%% 0428 0.79%% 009  0.40%%* 0370  0.02 0.04 0.02
t [1.31]  [4.61]  [-4.76] [12.30] [1.12]  [5.80]  [5.64]  [0.40]  [0.73] [0.32]
SMB  0.42%F  0.54%%F  _0.46%F% 0.80%F%  0.07  0.31%FF  0.27FF 0,02 -0.00 0.09
t [1.98]  [4.07] [3.68] [8.73]  [0.64]  [3.11]  [2.87]  [0.24]  [-0.01]  [1.14]
HML 0.31  0.38%F  -046%% -0.61%** 015  -0.13  0.37F*  _0.04 0.03  0.25%*
t [1.02]  [2.03]  [257] [4.69] [-0.93] [-0.89] [2.72]  [-0.41]  [0.24] [2.30]

RMW -0.39 -0.33* -0.02 -0.16 0.10 -0.24* 0.03 0.47%%*  -0.20%* 0.19*

t [1.34] [1.83 [-0.11] [-1.31]  [0.68]  [-1.81]  [0.27]  [4.59]  [-1.88]  [1.83]
CMA  -017  0.01 0.28 026  -0.33 0.1 031 0.57FFF 011 -0.03
t [0.37]  [0.04]  [1.06]  [1.33]  [-1.41]  [0.51]  [-1.53]  [3.51]  [-0.62]  [-0.19]
MOM  -1.20%¥% -0.19%* 0.22%%% 0,02 0.08 0.02  -0.13%F -Q.57FFF 0.38%FF 0,04
t [8.43]  [-2.14]  [2.64]  [-0.28]  [1.13]  [0.24]  [-1.98] [-11.10]  [7.00] [0.78]
R2 14.82 1377 1247 4637 323 1387 1274 23.66  9.23 2.56

T MKT: market excess return; SMB: small-minus-big factor; HML: high-minus-low factor; RMW: robust-minus-weak factor;
CMA: conservative-minus-aggressive factor; MOM: momentum factor; ***: p-value < 1%; **: p-value < 5%; *: p-value < 10%.



Table F.VIIIL. Factor projections: nonlinear specifications of a(-) and 3(-) with 18 characteristics’

VL

Factor 1 Factor 2 Factor 3 Factor 4 Factor 5 Factor 6 Factor 7 Factor 8 Factor 9 Factor 10

Constant 2.96%¥F  1.03%%*  (.43%%  G1FFF  1.4Q%FF (. 95%FF () 82FKK D 95kkk  (RIFRE 9 opEE
t [5.21]  [2.79]  [242]  [3.31]  [857)  [5.51]  [5.53]  [14.77]  [5.70]  [16.25]
MKT — 0.36%%%  (Q.55%FF 0 14%F%  (0.44%FF 0 18%FF (. 10%%  -0.15%%%  0.04  -0.10%FF 0. 15%%
t [2.68)  [6.36]  [-3.26] [10.14] [-4.38]  [2.54]  [4.26] [1.14]  [-3.02]  [-4.55]
SMB  1.33%%% (51%* 003  0.15%F  -0.02 -0.31¥F% _0.30%%F  -0.07  0.12%¥F*%  0.02
t [6.98)  [4.11]  [0.52]  [2.33]  [-0.34]  [-5.28]  [-5.98] [1.34]  [2.60] [0.47]
HML  0.45%  -11DFFF (35%%%  (18%F  _041%%% 008  -0.24%FF (25%% 005  0.17%F
t [1.67]  [-6.33]  [419]  [2.02]  [-4.98]  [0.96] [3.38] [3.45]  [0.73] [2.58]
RMW  -0.95%%*% _0.51%%% 057%% 000 -0.16**  0.01 -0.26"** 0.06  0.13%**  -0.01

t [-3.69] [-3.08] [7.04] [-0.03] [-2.01] [0.17]  [-3.85] [0.93]  [2.06]  [-0.12]
CMA 0.06 0.34  045%** 018 002  -019 004  -0.14 002  -0.21%*
t 0.15]  [1.30]  [3.53]  [1.37)  [0.14]  [-1.58]  [0.37]  [-1.30]  [0.19]  [-2.13]
MOM — -1.03%¥¥%  0.20%% -0.63%%% -0.28%%%  0.07%  0.09%% -0.14% 0.07%  0.06* 0.05
t [8.06]  [-2.44] [-15.77] [-6.75]  [1.68]  [2.35]  [4.18]  [2.03]  [1.87]  [1.62]
R2 2929  30.86 4820 3151 1152 745  13.83  3.81 5.15 5.93

T MKT: market excess return; SMB: small-minus-big factor; HML: high-minus-low factor; RMW: robust-minus-weak factor;
CMA: conservative-minus-aggressive factor; MOM: momentum factor; ***: p-value < 1%; **: p-value < 5%; *: p-value < 10%.



Table F.IX. Factor projections: nonlinear specifications of a(-) and 3(-) with 12 characteristics'

7

Factor 1 Factor 2 Factor 3 Factor 4 Factor 5 Factor 6 Factor 7 Factor 8 Factor 9 Factor 10

Constant 3.57+FF  1.99%¥ (027  047FF  14ZFRF 2 E7RRE 2430k ] 93FRE (16 (.36%F
t [5.47)  [4.83]  [1.37]  [2.08]  [6.36]  [14.11] [12.86] [12.03]  [-1.19]  [2.70]
MKT  0.36%%  0.51%% -0 11%  0.56%%%  -0.05 -0.22%¥%*% _0.01 0.04  0.30%%%  0.16%**
t [2.38)  [5.23]  [-2.41] [10.38]  [-1.03]  [-4.90]  [-0.16]  [1.17]  [9.24] [5.17]
SMB  1.39%F% (.68%%% _0.17%%  0.14%  -0.30%FF -0.25%F% 002 0.33¥%F 005  -0.30%*

t 6.35]  [4.93]  [-2.62]  [1.89]  [-3.94] [-3.88]  [0.30]  [6.22]  [1.07]  [-6.72]
HML 0.39  -1.03%¥FF  0.64%FF 017  -0.12  -0.27FFF 03400k 045FRE 027RRE (. 28%%
t [1.25]  [-5.26]  [6.83]  [1.60]  [-1.10]  [-2.99]  [3.75]  [5.90]  [4.16]  [-4.46]

RMW  -1.28%%%  _0.32%  0.64%%%  -0.06  -0.21%%  -0.08  0.19%%  (.18%% -0.16%%* (.28%**
t [4.32]  [-1.72]  [7.16]  [-0.59]  [-2.02]  [-0.90]  [2.25]  [2.43]  [2.60]  [4.66]
CMA 0.19 024  027%  -031*  -0.18  -0.11  -0.25*  0.03  0.24%%  0.07

t [0.40]  [0.80]  [1.91]  [-1.93]  [-1.09] [-0.82]  [-1.86]  [0.25]  [2.43] 0.71]
MOM  -1.01¥¥ _0.86%%* -0.83%%* 006  0.12%%  0.01 0.03  0.22%¥FF (. 16¥FF  -0.07%*
t [-6.80]  [-9.29] [-18.86] [-1.17]  [2.36]  [0.28]  [0.79]  [6.01]  [5.34]  [-2.46]
R2 26.23 3378  57.02 2617 562 1069 449 1940  21.20  20.97

T MKT: market excess return; SMB: small-minus-big factor; HML: high-minus-low factor; RMW: robust-minus-weak factor;
CMA: conservative-minus-aggressive factor; MOM: momentum factor; ***: p-value < 1%; **: p-value < 5%; *: p-value < 10%.



Table F.X. Factor projections: linear specifications of a(-) and F(-) with 36
characteristics’

MKT SMB HML RMW CMA MOM

Constant 0.12 -0.05 0.32%F%  0.40%F*  0.39%**  1.20%**
t [1.05]  [0.46]  [2.83] [4.45] [4.84] [8.46]
Factor 1 0.01 0.02%#*F  0.02%F*  -0.02%** 0.00 -0. 1%
t 10.82] [3.30] 277 [279]  [0.74]  [-11.65]
Factor 2 0.13%**  (0.08*** 0.02 -0.05%** -0.00 -0.07*H*
¢ [10.58]  [7.92] 1.35]  [5.21]  [-043]  [-5.06]
Factor 3 -0.14%**  .0.08*** -0.02 0.03*** 0.01 0.09%**
¢ -10.75]  [-6.63)  [-1.30]  [2.77]  [1.63]  [5.72]
Factor 4 ~ 0.33%**  Q.17*%F  _0.12%¥*%F  _0.08%F*  _0.07*** -0.03*
t 23.52]  [13.95]  [-8.79]  [-7.83]  [7.64]  [-1.79]
Factor 5 0.06%** 0.02 -0.06%** 0.00 -0.047%%* 0.03*
¢ [4.11]  [1.34]  [-3.85]  [0.15]  [-3.99]  [1.66]
Factor 6 0.22F%%  0.11%*%F  _0.05%**F  -0.07FF*  -0.04%** -0.02
¢ [13.25]  [7.35]  [-343]  [5.38]  [-3.23]  [-1.09]
Factor 7 0.21%%%  (.09%** 0.01 -0.03** -0.03*%*  -0.10%**
t [12.14]  [5.78] 0.69]  [-2.40]  [-2.53]  [-4.98]
Factor 8 -0.03 -0.03 0.11%**  0.06***  0.06%**  -0.32%**
t [1.63]  [1.55  [5.51] [3.66] [4.31]  [-13.25)
Factor 9 0.02 0.02 -0.04%* -0.03%* -0.01 0.23%**
¢ [1.00] 0.83  [-2.19]  [-1.66]  [-0.93  [9.10]
Factor 10 -0.03 0.01 0.08%** 0.04** 0.03** 0.01
t 131 [0.29] [3.45] [2.20] [2.03] [0.45]
R? 67.68 42.93 23.21 22.88 18.01 47.39

t MKT: market excess return; SMB: small-minus-big factor; HML: high-minus-low factor;
RMW: robust-minus-weak factor; CMA: conservative-minus-aggressive factor; MOM: mo-
mentum factor; ***: p-value < 1%; **: p-value < 5%; *: p-value < 10%.
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Table F.XI. Factor projections: nonlinear specifications of «(-) and B(-) with 18
characteristics’

MKT SMB HML RMW CMA MOM

Constant ~ 1.04%%%  (.33%* 0.06 0.19  0.32FFF  (.63%%*
t [5.58] [2.14] [0.44] [1.46] [2.83] [3.36]
Factor 1~ 0.07%F%  0.08%%*  0.01%¥%  -0.05%%%  -0.00  -0.11%**
t [8.98]  [11.00]  [2.24] [8.34]  [-0.16]  [-12.95]
Factor 2 0.20%%%  .10%%%  _0.11FFF  _0.07%%*  _0.06%F*%  -0.04%**
t [15.60]  [9.20]  [-11.81]  [8.19]  [7.78]  [-3.27]
Factor 3 -0.19%%%  _0,06%¥%  0.25%FF (. 10%FF  (12%FF 0 4]%*
t [8.27]  [3.32]  [14.35]  [6.54] 9.10)  [-17.69]
Factor 4 0.45%F%  0.13%% 002 -0.07%%% _0.07%FF  -0.30%F*
t [18.03]  [6.31] [0.90]  [4.22]  [-4.90]  [-11.88]
Factor 5 -0.13%%%  _0.01  -0.18%%%  _0.03%  -0.06%**  0.15%**
t [4.44]  [0.31]  [-8.09]  [1.68]  [-3.12] [5.03]
Factor 6 0.08%%  -0.17%%%  _0.03  0.05%%  -0.04%%  0.10%**
t [2.47] [6.33)  [-1.18] [2.33] [-2.25] [3.06]
Factor 7 -0.20%%%  -0.20%%*% _0.08*%*  _0.04* 0.01  -0.15%%*
t [5.72]  [-6.62]  [-2.97]  [1.81]  [-0.51]  [4.12]
Factor 8  -0.01  -0.07%%  0.12%%%  (.06%* 0.03 0.07*
t [0.39]  [-2.45] [4.35] [2.39)] [1.44] [1.83]
Factor 9  -0.24%%* .03 0.07%F  0.07FFF  0.06%%  0.14%%
t [-6.32] [1.03] [2.53] [2.81] [2.54] [3.51]
Factor 10 -0.31%%%  -0.04  0.10¥**  0.05% 0.04%  0.10%*
t [8.00]  [-1.24] [3.49] [1.82] [1.74] [2.51]
R? 62.06 39.35 46.33 29.54 26.49 56.75

T MKT: market excess return; SMB: small-minus-big factor; HML: high-minus-low factor;
RMW: robust-minus-weak factor; CMA: conservative-minus-aggressive factor; MOM: mo-
mentum factor; ***: p-value < 1%; **: p-value < 5%; *: p-value < 10%.
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Table F.XII. Factor projections: nonlinear specifications of a(-) and () with 12

characteristics’
MKT SMB HML RMW CMA MOM
Constant  0.45%* 0.03 0.01 0.18 0.29%F%  (.44%*
t [2.53] [0.20] 0.11] [1.50] [2.83] [2.58]
Factor 1~ 0.06%**  0.07*** 0.01* -0.047%+* 0.00 -0.09%**
t [8.55]  [11.46]  [1.89] [-9.17] 0.01]  [-12.37]
Factor 2 0.16™**  0.09%**  -0.07*** -0.05%%* -0.05%** -0.14%**
t [14.71] [10.03] [-9.30] [-7.35] [-7.39] [-13.05]
Factor 3 -0.13%FF  _0.09%**  0.22%%%  (0.09***  (0.10%**  -0.38%**
t [-7.18] [-6.19] [16.92] [7.23] [8.85] [-21.59]
Factor 4  0.40%*%  0.11%F  -0.06***  -0.06***  -0.08%** -0.10%**
t [18.92] [6.65] [-3.94] [-4.54] [-6.67] [-5.05]
Factor 5 -0.04 -0.09%F*F  _0.07*** -0.01 -0.03**  0.11%%*
t [-1.60] [-4.85] [-3.91] [-0.34] [-2.26] [4.60]
Factor 6 -0.21%%%  -0.14%**  -0.09*** 0.03* -0.03* 0.08%**
t [-7.53] [-6.33] [-4.86] [1.78] [-1.96] (3.01]
Factor 7 -0.06** -0.03 0.11%**  0.07*** 0.02 0.00
t [-1.98] [-1.35] [5.39] [3.80] [1.36] [0.17]
Factor 8 -0.05 0.15%#% (.21 %** 0.03 0.11%F%  0.20%**
t [-1.45] [6.11] [9.56] [1.61] [6.05] [6.75]
Factor 9  0.38*** 0.05* 0.15%**  -0.10***  0.09%**  (.15%**
t [10.35] [1.84] [6.12] [-4.24] [4.32] [4.22]
Factor 10 0.25%**  -0.25%**  -0.20%**  (0.15%**  -0.13***  -0.07**
t [6.57] [-8.67] [-7.56] [6.02] [-5.84] [-2.03]
R? 62.97 47.96 54.55 34.67 34.05 62.92

T MKT: market excess return; SMB: small-minus-big factor; HML: high-minus-low factor;
RMW: robust-minus-weak factor; CMA: conservative-minus-aggressive factor; MOM: mo-

EET N

mentum factor; ***: p-value < 1%; **: p-value < 5%; *: p-value < 10%.
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Figure F.1. 95% confidence intervals for coefficients in «(-) under nonlinear specifications

of a(-) and S(-) with 18 characteristics
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Figure F.2. 95% confidence intervals for coefficients in «(-) under nonlinear specifications

of a(-) and B(-) with 12 characteristics
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Table F.XIII. Bilateral correlations and standard deviations of testing portfolios’

78

Correlation Standard deviation
Testing portfolios Min Median Max AMean AMin AMedian AMax|Min Median Max
Regressed-PCA’s 36 managed portfolios -0.87 -0.01 0.63 0.09 0.00 0.06 0.87 10.01 0.04 0.12
100 double sorted portfolios on Size and BM, OP, INV, and MOM 0.53 0.85 0.99 0.84 0.53 0.85 0.99 |0.04 0.06 0.08
110 double sorted portfolios on Size and Beta, AC, NI, and Var 042 0.85 0.98 0.83 0.42 0.85 0.98 [0.04 0.06 0.09
IPCA’s 36 managed portfolios -0.97 -0.00 098 0.36 0.00 0.33 0.98 [0.00 0.00 0.01
110 single sorted portfolios on 55 characteristics (P1&10) 0.34 0.80 1.00 0.79 0.34 0.80 1.00 [0.04 0.06 0.09
72 single sorted portfolios on 36 characteristics (P1&10) 0.39 0.75 1.00 0.74 0.39 0.75 1.00 [0.04 0.06 0.10
25 double sorted portfolios on Size and BM 0.53 0.84 0.97 082 0.53 0.84 0.97 (0.04 0.06 0.08
25 double sorted portfolios on Size and OP 0.64 0.86 0.97 0.86 0.64 0.86 0.97 (0.04 0.06 0.07
25 double sorted portfolios on Size and INV 0.63 0.87 0.97 085 0.63 0.87 0.97 (0.04 0.06 0.07
25 double sorted portfolios on Size and MOM 0.54 0.82 097 0.81 0.54 0.82 0.97 (0.04 0.06 0.08
25 double sorted portfolios on Size and Beta 0.65 0.89 0.97 0.86 0.65 0.89 0.97 10.04 0.06 0.07
25 double sorted portfolios on Size and AC 0.44 0.83 097 0.81 044 0.83 0.97 10.04 0.06 0.08
35 double sorted portfolios on Size and NI 0.47 0.84 097 0.83 047 0.84 0.97 10.04 0.05 0.08
25 double sorted portfolios on Size and Var 0.46 0.84 0.97 0.83 0.46 0.84 0.97 10.04 0.06 0.09
Regressed-PCA S1’s 36 managed portfolios -0.77 0.00 0.83 0.12 0.00 0.08 0.83 |0.01 0.02 0.09
Regressed-PCA S2’s 36 managed portfolios -0.74 0.01 096 0.16 0.00 0.10 0.96 [0.01 0.03 0.09

f Min: minimum value; Median: median value; Max: maximal value; AMean: average absolute value; AMin: minimum absolute value; AMedian:
median absolute value; AMax: maximal absolute value.



Table F.XIV. Comparing asset pricing tests: K = 67

a8

Testing portfolios/Factors Ala|] Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh?(f) AR? GRS p(GRS)
Group I: Regressed-PCA’s 36 managed portfolios

Regressed-PCA 0.39 3.51 0.64 0.61 0.12 275 1.97 0.04 33.27 26.64 0.00
Regressed-PCA S1 0.41 3.08 0.53 0.47 0.17 3.60 247 0.22 19.43 2849 0.00
Regressed-PCA S2 0.40 2.76 0.50 0.43 0.19 3.68 248 0.42 17.68 24.52  0.00
IPCA 0.43 3.07 0.48 0.41 0.18 3.67 3.13 0.33 20.17 33.15  0.00
IPCA\Regressed-PCA 0.53 3.22 1.02 0.94 0.19 392 3.14 0.28 14.33 34.41  0.00
FF5+MOM 0.52 3.18 1.28 1.21 0.18 3.95 2.59 0.17 10.83 31.28 0.00
KNS 0.50 3.35 1.12 1.05 0.17 3.95  2.55 0.06 11.25 34.33  0.00
Group II: 100 double sorted portfolios on Size and BM, OP, INV, and MOM

Regressed-PCA 0.74  4.95 11.01 10.58  0.15  3.52  0.99 0.04 60.32 4.22 0.00
Regressed-PCA S1 0.55 3.01 6.27 5.66 0.18 3.88 1.22 0.22 5270 4.43 0.00
Regressed-PCA S2 0.99 5.19 19.77 19.09 0.19 3.78 1.37 0.42 54.71 4.28 0.00
IPCA 0.86 9.66 14.83 14.65 0.10 1.96  3.92 0.33 86.71 13.05  0.00
IPCA\Regressed-PCA 1.29 5.54 30.77 29.71 024 493  1.57 0.28 27.02 5.43 0.00
FF5+MOM 0.38  4.53 2.75 2.61 0.09 190 1.71 0.17 88.67 6.48 0.00
KNS 0.87 5.81 13.95 13.54 0.15 342 094 0.06 62.92 3.96 0.00
Group III: 110 double sorted portfolios on Size and Beta, AC, NI, and Var

Regressed-PCA 0.75  4.96 12.51 12.02  0.15 3.51 1.25 0.04 59.88 4.70 0.00
Regressed-PCA S1 0.53 291 6.75 6.04 0.19 392 1.52 0.22 51.27 4.90 0.00
Regressed-PCA S2 0.98 5.10 21.83 21.03 020 3.82 1.66 0.42 53.13 4.59 0.00
IPCA 0.88 9.52 16.84 16.62 0.10 2.00 3.94 0.33 85.66 11.65 0.00
IPCA\Regressed-PCA 1.30 5.59 35.65 3438 024 499 1.83 0.28 26.38 5.60 0.00
FF5+MOM 0.39 4.38 3.42 3.23 0.10 2.05 2.08 0.17 86.41 7.00 0.00
KNS 0.86 5.72 15.90 15.42 0.15 3.47 1.10 0.05 61.06 4.14 0.00

T Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/V7: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XV. Comparing asset pricing tests: K = 6 (continued)?

Testing portfolios/Factors Ala|] Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh?(f) AR? GRS p(GRS)

Group IV: IPCA’s 36 managed portfolios

98

Regressed-PCA 0.05  3.60 0.91 0.86 0.01 032 1.55 0.04 28.06 2098 0.00
Regressed-PCA S1 0.06 5.36 1.47 1.44 0.01 0.25 1.86 0.22  51.86 21.46 0.00
Regressed-PCA S2 0.07  4.92 1.45 1.41 0.01  0.25 1.74 0.42 52.31 17.24  0.00
IPCA 0.06 5.77 1.24 1.22 0.01 0.21 2.29 0.33 66.51 24.27  0.00
IPCA\Regressed-PCA 0.06 5.06 1.38 1.33 0.01 031 1.92 0.28 40.25 21.06  0.00
FF5+MOM 0.04 3.39 0.79 0.76 0.01 025 1.39 0.17 5497 16.76  0.00
KNS 0.04 3.83 0.76 0.73 0.01 025 1.46 0.05 55.27 19.69  0.00
Group V: 110 single sorted portfolios on 55 characteristics (P1&10)

Regressed-PCA 0.63 3.81 5.61 5.27 017 387 1.36 0.04 527 5.12  0.00
Regressed-PCA S1 042 2.27 3.16 2.73 0.19 3.99 1.36 0.22 4950 4.37  0.00
Regressed-PCA S2 0.73 3.67 8.01 7.51 0.20 4.00 1.44 0.42 49.28 3.99  0.00
IPCA 0.73 5.87 7.55 7.34 0.13 265 283 033 7717 837  0.00
IPCA\Regressed-PCA 1.10  4.78 15.34 14.63 024 499 1.62 0.28 25.12 496  0.00
FF5+MOM 0.39 4.36 2.26 2.12 0.10 2.24 2.54 0.17 83.76 8.58 0.00
KNS 0.82 5.34 8.60 8.32 0.15 3.52 1.30 0.05 59.97 490  0.00
Group VI: 72 single sorted portfolios on 36 characteristics (P1&10)

Regressed-PCA 0.59 3.32 4.33 3.96 0.19 428 0.81 0.04 51.08 5.07  0.00
Regressed-PCA S1 043 217 2.73 2.29 0.21 433 1.08 0.22 4942 5.81  0.00
Regressed-PCA S2 0.71  3.32 6.75 6.24 0.22 434 0.89 0.42 49.14 4.12 0.00
IPCA 0.67 4.77 5.76 5.51 0.15 3.06 1.74 0.33 7473 857  0.00
IPCA\Regressed-PCA 1.08 4.26 13.28 12.51  0.27 546  1.27 0.28 2447 6.49  0.00
FF5+MOM 041 4.27 2.44 2.26 0.12  2.65 2.48 0.17 81.54 1391 0.00
KNS 0.82 5.24 7.69 7.43 0.16 3.63 0.73 0.05 63.15 4.57  0.00

T Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/V7: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XVI. Additional asset pricing tests: K = 5

Testing portfolios/Factors Ala|] Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh?(f) AR? GRS p(GRS)

Group I: 25 double sorted portfolios on Size and BM

L8

Regressed-PCA 0.86 5.03 17.75 17.07  0.17 3.99 0.32 0.04 49.64 6.42 0.00
Regressed-PCA S1 0.58 3.23 8.72 7.97 0.18 394 0.45 0.16 51.07 8.05 0.00
Regressed-PCA S2 0.44 240 5.20 4.44 0.18 4.05 0.44 0.13 47.97 8.14 0.00
IPCA 0.90 1041 1945 19.25  0.09 204 1.83 0.10 85.43 34.55 0.00
IPCA\Regressed-PCA 1.12  5.76 29.70 28.74  0.20 4.61  0.67 0.06 36.10 13.16  0.00
FF5 0.39 4.57 3.67 3.47 0.09 204 0.69 0.12 86.80 12.88  0.00
KNS 0.97 6.19 22.03 21.48 0.16 3.61 0.30 0.04 5851 5.99 0.00
Group II: 25 double sorted portfolios on Size and OP

Regressed-PCA 0.84 5.04 27.72 26.64 0.17 3.89 0.22 0.04 51.55 4.32 0.00
Regressed-PCA S1 0.50 2.86 10.83 9.63 0.18 3.87 0.28 0.16 52.03 4.93 0.00
Regressed-PCA S2 0.37 2.08 5.86 4.63 0.18 398 0.28 0.13 49.34 5.07 0.00
IPCA 0.86 11.19 30.45 30.16 0.09 1.90 2.23 0.10 87.16 42.02 0.00
IPCA\Regressed-PCA 1.09  5.59 46.29 4474  0.20 4.55 0.54 0.06 35.88 10.64  0.00
FF5 0.40 4.96 6.47 6.17 0.09 193 0.73 0.12 88.20 13.65 0.00
KNS 0.94 6.16 33.83 3294 0.15 3.53 0.22 0.04 59.64 4.41 0.00
Group III: 25 double sorted portfolios on Size and INV

Regressed-PCA 0.88 5.35 21.28 20.54  0.17 3.83 0.36 0.04 51.90 7.24 0.00
Regressed-PCA S1 0.56 3.24 9.25 8.44 0.18 3.82 0.51 0.16 52.11 9.06 0.00
Regressed-PCA S2 0.42 2.42 5.47 4.63 0.18 3.92 0.49 0.13  49.49 9.09 0.00
IPCA 0.90 11.22  23.08 22.80 0.08 1.88 2.10 0.10 87.18 39.53  0.00
IPCA\Regressed-PCA 1.13  5.89 34.84 33.76  0.20 4.53 0.83 0.06 35.53 16.28  0.00
FF5 0.43 5.24 5.05 4.86 0.08 1.84 0.75 0.12 89.09 13.92  0.00
KNS 0.97 6.40 25.75 25.14  0.15 3.50  0.37 0.04 59.02 7.44 0.00

T Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/V7: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XVII. Additional asset pricing tests: K =5 (continued)?

Testing portfolios/Factors Ala|] Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh?(f) AR? GRS p(GRS)
Group IV: 25 double sorted portfolios on Size and MOM

88

Regressed-PCA 0.82 4.73 7.27 6.97 0.18 4.16 0.41 0.04 50.16 8.13 0.00
Regressed-PCA S1 0.64 3.53 4.17 3.87 0.18 3.94 0.58 0.16 54.13 10.40  0.00
Regressed-PCA S2 0.52 2.78 3.01 2.71 0.18 4.04 0.67 0.13 51.89 12.34  0.00
IPCA 094 11.45 9.20 9.12 0.09 2.03 2.29 0.10 87.24 43.22 0.00
IPCA\Regressed-PCA 1.01 5.24 11.77 11.36 0.21 475 0.81 0.06 37.26 15.76  0.00
FF5 0.44 4.47 2.36 2.25 0.11 240 047 0.12 83.53 8.68 0.00
KNS 0.97 6.27 8.79 8.57 0.16 3.57 0.26 0.04 62.15 5.15 0.00
Group V: 25 double sorted portfolios on Size and Beta

Regressed-PCA 0.87 5.31 41.95 40.35  0.17  3.92 0.23 0.04 49.54 4.51 0.00
Regressed-PCA S1 0.53 3.12 18.66 16.91 0.18 391 0.28 0.16 48.81 4.97 0.00
Regressed-PCA S2 040 2.31 10.28 8.48 0.18 4.01 0.27 0.13 46.17 5.04 0.00
IPCA 0.90 11.17  47.69 4725 0.09 1.97 1.92 0.10 85.50 36.20 0.00
IPCA\Regressed-PCA 1.13  6.12 70.09 67.78 0.20 4.55 0.63 0.06 36.26 12.40  0.00
FF5 0.41 4.70 9.73 9.24 0.09 2.07 0.37 0.12 85.48 6.94 0.00
KNS 0.96 6.27 49.66 4836 0.16 3.56 0.19 0.04 56.91 3.72 0.00
Group VI: 25 double sorted portfolios on Size and AC

Regressed-PCA 0.83 4.90 36.79 3526  0.17 3.92 0.30 0.04 53.86 5.93 0.00
Regressed-PCA S1 0.42 240 10.30 8.62 0.18 3.89 0.28 0.16 54.78 5.00 0.00
Regressed-PCA S2 0.28 1.61 4.99 3.30 0.18 396 0.28 0.13 52.94 5.14 0.00
IPCA 0.81 9.39 34.66 3425 0.09 195 0.96 0.10 87.20 18.04 0.00
IPCA\Regressed-PCA 1.05 5.04 57.71 55.31 021 480 0.35 0.06 33.49 6.78 0.00
FF5 0.46  5.09 11.74 11.29  0.09 204 0.83 0.12 87.79 15.34  0.00
KNS 0.94 6.10 46.85 4560 0.16 3.56 0.31 0.04 61.58 6.30 0.00

T Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/V7: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XVIIL. Additional asset pricing tests: K = 5 (continued)?

Testing portfolios/Factors Ala| Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh*(f) AR? GRS p(GRS)

Group VII: 35 double sorted portfolios on Size and NI

68

Regressed-PCA 0.84 4.85 16.08 1543  0.18 4.02  0.40 0.04 49.84 5.63 0.00
Regressed-PCA S1 0.54 2.94 7.14 6.41 0.18 4.00 0.56 0.16 50.20 7.07 0.00
Regressed-PCA S2 0.41 2.18 4.11 3.37 0.19 4.10 0.53 0.13 47.68 6.84 0.00
IPCA 0.87 9.73 17.60 1739  0.10 2.15  2.69 0.10 83.75 35.50  0.00
IPCA\Regressed-PCA 1.09 5.43 26.60 25.67 0.21 4.71 095 0.06 34.16 13.02  0.00
FF5 042 4.44 4.06 3.84 0.10 2.21 0.83 0.12 84.30 10.85 0.00
KNS 0.94 5.86 19.28 1873 0.16 3.68 0.39 0.04 57.44 5.45 0.00
Group VIII: 25 double sorted portfolios on Size and Var

Regressed-PCA 0.89 5.34 8.00 7.71 0.18 4.04 0.45 0.04 48.41 8.98 0.00
Regressed-PCA S1 0.70  3.99 5.19 4.88 0.18 3.92 0.70 0.16 49.80 12.47  0.00
Regressed-PCA S2 0.58 3.24 3.90 3.59 0.18 4.04 0.72 0.13 46.55 13.29  0.00
IPCA 0.95 12.60 9.63 9.57 0.08 1.86 2.21 0.10 87.24 41.58  0.00
IPCA\Regressed-PCA 1.11  6.32 12.81 12.40  0.20 4.57 1.15 0.06 39.10 2245 0.00
FF5 0.45 5.46 2.07 1.99 0.09 196 0.71 0.12 87.38 13.12  0.00
KNS 0.99 6.48 9.51 9.30 0.15 3.53 0.43 0.04 57.72 857  0.00

t Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/VF: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XIX. Additional asset pricing tests: K =5 (continued)T

Testing portfolios/Factors Ala| Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh*(f) AR? GRS p(GRS)
Group IX: Regressed-PCA S1’s 36 managed portfolios
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Regressed-PCA 0.54 5.20 0.84 0.82 0.11 2.44 3.17 0.04 18.11 43.05 0.00
Regressed-PCA S1 0.52 5.92 0.73 0.72 0.09 188 3.13 0.16 38.14 38.17  0.00
Regressed-PCA S2 0.53  5.80 0.71 0.69 0.09 207 3.18 0.13 33.15 39.73  0.00
IPCA 0.53  5.39 0.80 0.78 0.11 233 4.75 0.10 27.85 60.84  0.00
IPCA\Regressed-PCA 0.59 5.38 0.99 0.96 0.12 261  3.80 0.06 16.89 50.50  0.00
FF5 0.56  4.93 0.99 0.96 0.12 259 3.18 0.12 16.02 40.13  0.00
KNS 0.57  5.37 1.00 0.98 0.11 256  3.25 0.04 16.28 44.31  0.00
Group X: Regressed-PCA S2’s 36 managed portfolios

Regressed-PCA 0.63 5.42 0.83 0.81 0.12 282 288 0.04 20.45 39.12  0.00
Regressed-PCA S1 0.60 5.84 0.72 0.71 0.10 2.21 2.89 0.16 42.04 35.15 0.00
Regressed-PCA S2 0.62 7.27 0.73 0.72 0.08 1.86 1.46 0.13 50.54 18.20  0.00
IPCA 0.64 5.88 0.82 0.80 0.12 256  4.59 0.10 32.44 58.83  0.00
IPCA\Regressed-PCA 0.69 5.53 1.00 0.97 0.13 296  3.68 0.06 17.67 48.85 0.00
FF5 0.62 4.76 0.96 0.94 0.13 2.90 2.88 0.12 21.41 36.42 0.00
KNS 0.65 5.53 1.00 0.98 0.13 286 2.97 0.04 20.33 40.52  0.00

t Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/VF: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XX. Additional asset pricing tests: K = 61

Testing portfolios/Factors Ala|] Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh?(f) AR? GRS p(GRS)

Group I: 25 double sorted portfolios on Size and BM
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Regressed-PCA 0.76  4.93 13.84 13.28  0.16 3.56  0.32 0.04 58.73 6.37 0.00
Regressed-PCA S1 0.57 3.10 8.41 7.63 0.19 392 0.46 0.22 51.46 7.87 0.00
Regressed-PCA S2 1.04 5.33 27.04 26.18 0.20 3.83 0.52 0.42 53.23 7.64 0.00
IPCA 0.89 9.35 18.91 18.66  0.10 2.04 1.83 0.33 85.34 2854  0.00
IPCA\Regressed-PCA 1.31 5.64 39.81 3848 024 492 0.66 0.28 27.28 10.60  0.00
FF5+MOM 0.36  4.22 3.06 2.86 0.09 2.00 0.65 0.17 87.25 11.61  0.00
KNS 0.87 5.75 17.68 17.16  0.15 3.47 0.30 0.06 61.83 5.92 0.00
Group II: 25 double sorted portfolios on Size and OP

Regressed-PCA 0.72 4.88 21.02 20.17 0.15 3.43 0.21 0.04 61.43 4.21 0.00
Regressed-PCA S1 0.47 2.61 10.10 8.84 0.18 386 0.24 0.22 5234 4.10 0.00
Regressed-PCA S2 0.98 5.12 38.54 3715 0.19 3.76  0.39 0.42 54.34 5.69 0.00
IPCA 0.85 9.90 28.88 28.52  0.09 1.91 1.87 0.33 87.08 29.12  0.00
IPCA\Regressed-PCA 1.27  5.49 61.94 59.78  0.24 4.88  0.42 0.28 26.23 6.83 0.00
FF5+MOM 0.35 4.38 5.13 4.82 0.09 190 0.72 0.17 88.59 12.71  0.00
KNS 0.84 5.69 27.20 26.37 0.15 339 0.21 0.06 62.68 4.17 0.00
Group III: 25 double sorted portfolios on Size and INV

Regressed-PCA 0.76  5.24 16.41 15.84 0.15 3.36  0.36 0.04 61.87 7.15 0.00
Regressed-PCA S1 0.55 3.11 9.11 8.26 0.18 3.80 0.49 0.22 5250 8.33 0.00
Regressed-PCA S2 1.03  5.50 29.94 29.00 0.19 3.70 0.61 0.42 54.61 8.92 0.00
IPCA 0.91 10.23  23.31 23.08 0.09 1.88 1.85 0.33 87.11 28.89 0.00
IPCA\Regressed-PCA 1.34 5.82 48.05 46.54 024 486 0.73 0.28 25.88 11.76  0.00
FF5+MOM 0.37 4.66 3.83 3.64 0.08 1.80 0.72 0.17 89.56 12.86  0.00
KNS 0.87 5.95 20.66 20.10 0.15 3.35 0.39 0.06 62.54 7.66 0.00

T Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/V7: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XXI. Additional asset pricing tests: K = 6 (continued)T

Testing portfolios/Factors Ala|] Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh?(f) AR? GRS p(GRS)

Group IV: 25 double sorted portfolios on Size and MOM
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Regressed-PCA 0.73  4.72 5.84 5.59 0.16 3.73  0.40 0.04 59.23 8.00 0.00
Regressed-PCA S1 0.60 3.23 3.64 3.33 0.19 393 0.52 0.22 54.48 8.87 0.00
Regressed-PCA S2 0.91 4.80 9.25 8.90 0.20 3.82 0.62 0.42 56.68 9.03 0.00
IPCA 0.80 9.14 7.22 7.12 0.10 2.02 1.82 0.33 87.32 28.34 0.00
IPCA\Regressed-PCA 1.22  5.21 14.36 13.79  0.25 5.07 0.50 0.28 28.70 8.04 0.00
FF5+MOM 0.42 4.85 1.74 1.67 0.09 1.92 0.42 0.17 89.28 7.42 0.00
KNS 0.88 5.84 7.24 7.03 0.15 345 0.25 0.06 64.65 4.90 0.00
Group V: 25 double sorted portfolios on Size and Beta

Regressed-PCA 0.75  5.15 32.54 31.29 0.15 3.46 0.22 0.04 58.93 4.41 0.00
Regressed-PCA S1 0.51 291 16.81 1497 0.18 3.89 0.23 0.22 49.29 3.94 0.00
Regressed-PCA S2 1.02  5.47 59.59 57.55 0.19 3.79  0.37 0.42 51.55 5.36 0.00
IPCA 0.89 9.83 43.36 42.82 0.10 1.97 1.60 0.33 85.49 24.98 0.00
IPCA\Regressed-PCA 1.31  5.79 92.63 89.41 024 488 0.41 0.28 27.17 6.69 0.00
FF5+MOM 0.36  4.10 7.36 6.87 0.09 203 0.34 0.17 85.92 6.03 0.00
KNS 0.86 5.81 39.84 38.62 0.15 3.42 0.17 0.05 60.06 3.46 0.00
Group VI: 25 double sorted portfolios on Size and AC

Regressed-PCA 0.71 4.77 26.92 25.77 0.15 3.40  0.29 0.04 64.24 5.80 0.00
Regressed-PCA S1 0.43 240 10.71 8.96 0.18 3.87 0.25 0.22 5522 4.18 0.00
Regressed-PCA S2 0.90 4.69 43.07 41.14  0.19 3.77  0.36 0.42 56.97 5.18 0.00
IPCA 0.88 9.35 41.19 40.69 0.10 1.95 1.05 0.33 87.13 16.36  0.00
IPCA\Regressed-PCA 1.33  5.38 93.52 90.18 0.25 5.15 0.34 0.28 23.54 5.48 0.00
FF5+MOM 0.40 4.43 8.91 8.45 0.09 200 0.84 0.17 88.20 14.93  0.00
KNS 0.86 5.67 39.04 3784 0.15 3.47 0.30 0.05 63.58 6.00 0.00

T Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/V7: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XXII. Additional asset pricing tests: K = 6 (continued)

Testing portfolios/Factors Ala| Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh*(f) AR? GRS p(GRS)

Group VII: 35 double sorted portfolios on Size and NI

€6

Regressed-PCA 0.73 4.73 12.35 11.84  0.16 3.57  0.40 0.04 59.32 5.56 0.00
Regressed-PCA S1 0.53 2.80 6.71 5.96 0.19 399 0.53 0.22  50.60 6.36 0.00
Regressed-PCA S2 0.97 4.92 22.54 21.70  0.20 3.89  0.69 042 5243 7.01 0.00
IPCA 0.87 8.83 17.37 1711 0.11 215 235 0.33 83.69 25.70  0.00
IPCA\Regressed-PCA 1.30 5.42 36.67 35.37 024 5.03 0.76 0.28 25.00 8.65 0.00
FF5+MOM 0.37  3.90 3.13 2.90 0.10 2.17  0.80 0.17 84.75 9.96 0.00
KNS 0.84 5.43 15.68 15.16  0.16 3.55 0.38 0.05 60.17 5.33 0.00
Group VIII: 25 double sorted portfolios on Size and Var

Regressed-PCA 0.80 5.31 6.68 6.45 0.16 3.60 0.45 0.04 57.27 8.99 0.00
Regressed-PCA S1 0.64 3.59 4.38 4.06 0.19 390 0.64 0.22 50.26 10.91  0.00
Regressed-PCA S2 1.01  5.41 11.24 10.89 0.20 3.82 0.73 0.42 51.84 10.58  0.00
IPCA 0.87 10.34 7.72 7.64 0.09 187 1.74 0.33 87.10 27.04  0.00
IPCA\Regressed-PCA 1.26 5.84 15.16 14.59  0.24 490 0.79 0.28 30.37 12.67  0.00
FF5+MOM 0.44 5.28 1.97 1.89 0.09 196 0.68 0.17 87.45 12.00 0.00
KNS 0.90 6.07 7.90 7.69 0.15 341 042 0.05 60.78 8.31 0.00

t Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/VF: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.



Table F.XXIII. Additional asset pricing tests: K = 6 (continued)?
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Testing portfolios/Factors Ala| Alt(a)] Aa?/VF AN?/VF As(a) As(e) Sh*(a) Sh*(f) AR? GRS p(GRS)
Group IX: Regressed-PCA S1’s 36 managed portfolios

Regressed-PCA 0.54 5.27 0.84 0.82 0.11  2.41 3.19 0.04 19.82 43.08 0.00
Regressed-PCA S1 0.51 6.27 0.69 0.68 0.08 1.77  5.39 0.22 41.99 62.20 0.00
Regressed-PCA S2 0.47 4.85 0.56 0.54 0.10 2.00 2.89 0.42 35.74 28.58  0.00
IPCA 0.50 4.86 0.60 0.57 0.11 226 3.85 0.33 31.41 40.80  0.00
IPCA\Regressed-PCA 0.57 5.05 0.77 0.74 0.12 256  3.50 0.28 19.43 38.43  0.00
FF5+MOM 0.56 4.92 1.09 1.07 0.12 251 3.3 0.17 19.79 37.82  0.00
KNS 0.57  5.36 1.03 1.00 0.11 253 3.25 0.05 18.03 43.79  0.00
Group X: Regressed-PCA S2’s 36 managed portfolios

Regressed-PCA 0.63 5.46 0.83 0.81 0.12 277 288 0.04 2256 38.82  0.00
Regressed-PCA S1 0.62 6.29 0.72 0.70 0.10 2.09 285 0.22 46.56 32.87  0.00
Regressed-PCA S2 0.54 6.03 0.55 0.54 0.09 1.72  3.40 0.42 54.10 33.71  0.00
IPCA 0.64 5.61 0.69 0.67 0.12 243 3.63 0.33 37.52 38.48  0.00
IPCA\Regressed-PCA 0.67 5.35 0.79 0.76 0.14 289 3.26 0.28 20.86 35.72  0.00
FF5+MOM 0.63 4.97 1.07 1.05 0.13 278 285 0.17 2591 34.35 0.00
KNS 0.65 5.51 1.02 1.00 0.12 284 296 0.05 21.88 39.89  0.00

t Ala|: average absolute intercept; Alt(a)|: average absolute t-statistic for the intercepts; Aa?/VF: average squared intercept over
the cross-section variance of 7, average returns of the testing portfolios; AN?/V7: average difference between each squared intercept
and its squared standard error divided by the variance of 7; As(a): average standard error of the intercepts; As(e): average residual
standard deviation; Sh?(a): maximized squared Sharpe ratio for the intercepts; Sh?(f): maximized squared Sharpe ratio for the
factors; AR?: average regression R? (%); GRS: GRS statistic of Gibbons et al. (1989); p(GRS): p-value of GRS.
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